CHAPTER 3
ELEMENTARY THEORY OF SETS

3-1 The set concept. When we think about several things, we may
consider them individually or we may view them as a single whole, class,
collection, or aggregate. Mathematicians call such a whole a set, and they
refer to the individual objects of which it is composed as members that
belong to the set.

Words that designate sets are called collective nouns by grammarians.
In ordinary discourse, collective nouns are used sometimes to refer to a
set and sometimes to its members. For example, we may say “That
bunch of grapes is heavy” or “That bunch of grapes have thick skins.”
The first sentence refers to the set, the second to the individual members.
In mathematics, the name of a set refers only to the set as a whole.

An example of a set is the United States Senate. Its members are
senators. Other examples of sets are the Los Angeles Dodgers, the planets,
the living ex-Presidents, the even numbers, the possible opening moves
in a game of chess, and the possible outcomes of an experiment.

(a) Describe the members of each of the sets named in the last sentence.

(b) Among words used as variables to stand for sets are “collection, ” “Aock,”
“herd,” “bunch,” and “crowd.” Indicate the kinds of sets described by these

words, and give other examples of collective common nouns.

The set concept plays a very important role in mathematies, and indeed
in all clear thinking. It is one of the basic concepts in terms of which other
mathematical ideas are explained. The purposes of this chapter are (1) to
familiarize the student with the concepts and notations for dealing with
sets, (2) to show the relations between sets and sentences, and (3) to apply
set theory to further development of elementary algebra and to linear

analytic geometry.
ANswERS To EXERCISES

(a) Baseball players; planets; Hoover, Truman; ... —6, —4, —2, 0, 2, 4,
6, ... ; any one of 20 different moves; say, different readings on a dial.

3-2 Designating sets. Since we frequently wish to say that an object
is a member of some set, we adopt the special notation a € C' to mean that
a belongs to C. This is an informal definition. The symbol ¢ € C will be
introduced as a basic term of the theory. We write a & C to mean that a

is not a member of C.
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In Problems 14 through 20 use the defining-sentence notation to name the
indicated set.

14. The set whose numbers are 1 and 2.

15. The positive integers between 1 and .
16. The positive integers that are greater than 1 and also less than 2.

17. The States of the U. 8. touching an ocean.

18. The integers that are multiples of 3.
19. The integers that leave remainders of 1 when divided by 7.

20. Integers that are perfect squares.

ANSWERS TO EXERCISES

(a) a@c = ~(@a€c). - (b) The set whose members are just 1 and 2.

(c) The set whose one member is 2. (d) The set whose members are just a, b,
(f) The set whose one

and c.  (e) The set whose members are just 1 and 0.
member is 0. () {1,2,3,4}. (h) {2.5}; note that we speak of “the solu-
tions” even though the set turns out to have only one member. (i) {Catholi-
cism, Protestantism, Judaismj. G {3,4,5,6}. (k) is registered here.
(1) is living; was but is no longer President. (m) {1}. (n) {3,4}. (o). All
orphans. (p) All felons. (q) The sentence is a law. (r) All numbers
except 1. (5) Set of all men. (t) —b/a is unique solution.  (u) through

 (x) See Section 2-8.  (y) sentences; set.  (z) sets; sentence.

ANSWERS TO PROBLEMS

1. The digits. 3. {—1++/2, —1 — A/2}. 5. The even integers. 7. The
odd integers. 9. The prime numbers. 13. Since f(z) = f(z) for just the values
of z that have meaning in the context. 15. fzlzeJt A 1/2 <z < 3/2}
17. {z|z is a State A z touches an ocean}. 19. {z|zeJ AyyeJ Az =
Ty + 1},

3-3 Special sets. In any discussion, we talk about some set of objects.
The set of all things under discussion in any context is called the universe
of discourse or universal set, and we shall designate it by U. For example,
in elementary algebra the universe of discourse is usually the real numbers.
From the members of U we can construet sets, which we call subsets of U.
Then a € S if o is a member of S and S is a subset of U. Also {z]f(z)} is
a subset of U if the values of z in f(z) are members of U, that is, if the

domain of f(z) is a subset of U.
Suppose, now, that the domain of f(x) is a subset of U but that f(z)
is false for all values of x. We still consider {z|f(z)} to be a set and a sub-
set of U even though it has no members. We call a set with no members

emply or vacuous. We define @ as follows.

(1) Def. 0 = {x|z # x}.
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Clearly @ is vacuous; that is, we have the law

(2) ~(x € Q).
(a) Why?
We call @ the null set. The word “the”
18 equal to . [See (8) below.]
To prove (2) or any other theorem about sets we need some axioms ¢
\ on-

taind
ining our undefined terms. The first axiom below embodies the essential

idea in our notion of {z|f(x e ..
catistying f(s). {z|f(x)}, namely that it is just the set of objects

@3) Ax. @ € {z[f(2)}] = f(a).

(b) In (3) what are the variables, and what terms

Is used because any vacuous set

if any, are dummies?

0 S
ur next axiom indicates that we regard a set as just the collection of
o

its members. To say that set,
. s A i fnl
have the same members. and B are identical is o say that they

(4) Ax. (A=B)=V;v(xeA<—>xeB).

Now we can prove

(5) A4 = {z|z e 4},

(6) zlf@)} = {2]g@)}] = (Ve(f(z) & g())].

Thi .
is theorem tells us that two logically equivalent sentences define the

same set, and conversely. Evident!
. ever, .
tences, among which, by (5), x € 4 ‘i’s Oney set A has many defining sen-

The following axiom indicates the nature of the universal set
(7) Ax. U= {z|z = 2]

(c) Could the second = in (6) be changed to «? (d) Give an example
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lence is always false, and we know that = > z is alway§ fglse. Hence
x # z and z € A are logically equivalent for all z, as required.

f) Show that 3!4 Vz & A. (g) We have seen that the null s?t is uniguue(;
Is (t})lis true of the universe of discourse U; that is, does (7) determine a uniq

U? (h) Whatis {z|1/z = 0}?

Now we introduce the roster notation by definition.

{a} = (z]z = a},

(9) Def.

(10) Ax. a # {a},

(11) a € {a},

(12) ‘ Mz z € {a},
(13) ({a} = {b}) & (a=1).

We call a set with just one number a singletfm. Notle)z how the “oneness
of a singleton is expressed by (12) without using numbers. )
(i) Why did we include (10) as a law? (j) What is the variable in (12) an

y!{ \ q ers
Wha:t 18 the dunlnvl (k) “’ Ilte ea(}h Of 9 tvhloll ]I l Wll}]l uﬂ]l'; ﬁe

stand before a law.

(14) Def. {a,b} = {z|z = a V = = b},

(15) Def. {a,b,¢} = {z|z € {a,b} V z = c}.

X imilarly, when a £ b, b # ¢, and
# b, we call {a, b} a pair. Slrm. ’ .
Lthenwz call ,{a b, ¢} a iriple. When designating sets by their r}(;sterz,
’ -
;lt is cilstomary to name each member only once in the roster. ence,
ordinarily {a, b} is a pair and {a, b, ¢} is a triple.

(1) Define {a, b, c, d} and {a, b, ¢, d, e}. (m) Distinguish between a, {a},

“a’” {“a”}’ and “{a}.”

(16) {a,a} = {a},
(17) {a,b,¢} = {glr=a V=0V 2=c]
(18) {(1, b} = {b;a}y

(19)  [ab} = {edlloe=cAb=d V(e=dAb=g7)],

(20) [{a} = {b,c}] & (@ =b = o).
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*Special legislation. Constitutions often prohibit special legislation,
that is, laws that apply to a single community, individual, or group. One
way of getting around this is to pass a law applying to a certain set of com-

defines a singleton! Professor Ralph Fjelstad, after a study of the Minge-
sota legislature, reported that in the 1953 session there were hundreds of
“special bills couched in general terms.” For example, “Any village hayv-
ing a population of more than 1,300 but less than 1,500 persons according
to the last applicable state or federal census and having an assessed valua-
tion of real and personal property in excess of $1,000,000 may . . ..” It
“s0 happened” that only one village, Aurora, met these qualifications.
The formula for a law of this kind is “Any z such that f(x) may . .. ,”
where one takes care that 31z f(z) and f(a), where g is the individual com-

munity, person, or group for which one wishes to pass special legislation
“couched in general terms.”

{(n) Express the defining sentence in the previous example, using z as the
variable. (o) Using the expression in Exercise (n), write symbolically that
there is only one such village.  (p) Use the symbols of this section to express
the fact that this one solution is the village of Aurora. (q) Suggest other
kinds of sentences that might define 3 singleton whose one member is a town.
(r) Give, if you can, examples of similar methods of evading prohibition of
legislation directed against special religious, racial, national, or political groups.

ProBLEMS

In Problems 1 through 6 identify the sets.

1. {z|]z* = 16}. 2. {z]2z 41 = o).

3. {zll/z = z}. 4 {z|@ — 2@+ 1)z +- 1000) = 0}.
5. {z]1/z = 1/z}- 6. {zlz = V9}.

7. Does @ = 07

8. Show that {z|z > z} = {z]z-0 = 2}.

9. Prove (2).

10. Prove (5) and (6).
11. Prove some of (9) through (13) and (16) through (20).
12. Show that [4 = Bl =3z (zxec 4 A tE€B)V (x€B A z& A).

13. The following laws indicate the relation between quantifiers and set
membership. Justify them.

(21) Ve f@)] = lz|f)}) = {2]f) = s@))),
(22) Bz f(2)] = [{z|f(z)} = o).
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14. Prove the following:
(23) [x =yl vVS@eS o yeNl),
(24) [z = yl o [[S]zeS) = (S|lyes)).

15. Verbalize (23) and (24).
16. Prove (25).

(25) zeU.
17. Define A # B (for sets) without using = in the defining term.

Axiom (10) formalizes our distinction between a set and its members. Failure
to make this distinction results in confusion. The fallacy of taking a statement
about the members of a set to be about the whole set is called the fallacy
of composition. The opposite fallacy of mistaking a statement about a set to be
a statement about its members is called the fallacy of division.

%18. Let- A = the barrel of apples is ripe. Does A = the barrel & ripe things?
%19. Let B = the barrel of apples is heavy. Does B = the barrel € heavy
things? '

*20. What is the fallacy in the following? The even numbers, E, are divisible
by 2; hence, E is divisible by 2, and so E is an even number.

#21. Explain the fallacy in the following: The Russians claim to have liqui-
dated the kulaks, but this is obviously false since some of them escaped.

%22, What two sets of Americans were eliminated by the Civil War? Were
their members eliminated?

%23. A corporation may be sued for debt. Mr. Jones is a member of the
corporation, hence he may be sued. Valid?

%24. In the eyes of the law a corporation is a person. A person may be sued,
hence a corporation may be sued. Valid?

ANSWERS To EXERCISES

(a) Vzz = z, hence Vz ~ (z 5 z) and every z fails to satisfy the defining
sentence. (b) “a” and “f” are variables, “z” is a dummy. (c) Yes, since
p=g—opeoqg. dz—-3=0(@—3%2=0 2t =6 (¢ 2z
(f) Recall (2-11-17). 3A vzz & A by (2). Suppose Vzz & A and Vrz & B.
Then by (8) A = @ and B = (. Hence the second term in the right mem-
ber of (2-11-17) with (a:4, y:B) is satisfied. (g) No. U depends on the
context. (h) Nullset. (i) To be sure that “a € {a}” is a sentence.  (j) “a”
is a variable, “z” a dummy. (k) For example, (9) becomes Va {a} = {z|z = a}.

M) {a,b,¢c,d} = {z|zx € {a,b,¢} V z =d}. (m) The object a, the single-
ton whose one member is a, the letter “a,” the singleton whose member is the
first letter of the alphabet, and a name of the singleton whose one member is a.
(n) z is a village having a population . .. and having . .. $1,000,000.

(0) Izzisa.... (p) [Aurora} = {x|z is a village...}. (q) There are
many, but the trick is to find one that does not appear to name a single village!
(r) Literacy tests, country-of-origin tests, ete., in certain circumstances.
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ANSWERs TO ProsrLEMS

L {4, —4}. 3. {1, —1).
I.t is the number of members
right member of (23) implie
Hyp, use (2-10-4) with (y:
¥ € {z}, from which Yy =z

5. All nonzero numbers 7 i

: nze - 7. No! 0is a num
in @, but it is not @ itself! 14. To prove that 2(;12
s the left member, assume the right member by

{z]) to get z {z} i
S5 .
17. See Problem 12, ! {?} Since = € (=]

3

f3—4. Subsets. We call the set A a subset of th
of A isa {nember of B. We use the abbrevi
verbalization is that “B includes A.”

(1) Def.

_the set B if every member
ation 4 € B. An alternative

AgB:Vx[:ceA—*xeB].
(a) Read definition (1).  (b) Show that:

) .
) Helf@)} < {z]g@)}] = vz [f(x) — g(z)].
) ?}’e Lnaz illustrate conveniently by using small sets. Let U= {1,2

o 5h A= {1,2,8), B= (2,3}, C = (14, 5). Ther 4 gE,B’g’g’

Ban,ltbut ~(4 S B) and ~(4 ).
alternative illustration arises from letti

- : tt

tht? mter.lor‘ of the square in Fig. 3-1 and lettilrlllgg fij
points within the labeled circles, In the figure, 4

U

= the set of points in
and B equal the sets of
B,AcUandBc U,

Fiagure 3-1

True or false? (Give reasons.) (©) {1} € {1, 2}, (d)

@SB 0 2e23); @@ 0 Sb2a4s);

i ember of a set i
1ts subsets. Thus {2} € {{2},2,3} and {2} < {{2}, 2, 3}. Thlesfeilxl':gi(smtil?;

b [ ” he
p:;:zlisz ) h{2} appears In the roster. The second Is true because “2”
e roster, and hence {2} is a set made up of members of the gijg;
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y form various subsets. For example, {1, 2, 3}

has the subsets @, {1}, {2}, {3}, {1, 2}, {1, 3}, (2,3}, {1,2,3}. The set
of all subsets of this set is then (0, {1}, {2}, {3}, (1,2}, {1,3}, {2, 3},
{1,2,3}}. Note that the null set and the set itself are members of this set.

We call the set of all subsets of A the power set of A. Let A be a women’s
ible committees, in-

club. Then the power set of A is the set of all possi

cluding the committee of the whole (the club itself) and the committee to

which no one belongs. We designate the power set by ®(4).
® 11,2}, O {23}, @ b (k) 9,

Given any set, we ma

Find the power set of:
M {1,23, 4},

The examples given suggest that the number of members in the power
sot of A is 24, where 9U(4) is the number of members in A. Such is
indeed the case. This is the origin of the name “power set.” .

Linear graphs. Let U be the set of all points on an axis. Because of the
one-to-one correspondence between the points of U and the real numbers,
of U also as the set of all real numbers. Let f(z) be a sen-
tence whose domain (range of x) is a subset of U. Then the truth set of
f(z) is a set of points on the axis, a subset of U. We call this set of points
the linear graph of f(z). Thus the graph of £2 = 1 is the set of points
(real numbers) {1, —1 }. The graph of a sentence is then just a geometrical
picture of its truth set. Here the graph of 22 = 1 is a geometrical picture

of {z|2% = 1}. The graph may be a finite set or it may contain an in-

. finite number of points. For example, the graph of z < 2 contains all
_9 We often use the defining

points to the left of 2, as suggested in Fig. 3
sentence as a name for its graph.

we may think

xr < 2
i ; I ] ] S
—2 -1 0 1 2 3
F1GURE 3-2

following sentences: (m) 2% = 9,
p)z<4ANz>3 qQ z—1D
(s) Describe ®(U) where U = the

Sketch the linear graph of each of the
@ z > —1, (o) z <3V a>4
(x+5) >0 () B3 <0A =8
axis of real numbers.

We say that z lies between a and b, where

Intervals of real numbers.
It is natural to adopt the following

a < b, if a<zAz<b
abbreviation.

(3) Def. (a<x<b)=(a<x/\x<b).
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We call {z|a < z

< b} th .
.b y (a_b). The word “o;en > open tnterval from a to b an
its endpoints.

(4) Def.

d design i
refers to the fact that it does not gcoiiiiﬁ

(a_b) = {z|la <z < b}.

It is convenient t ;
} 0 think of the .
point (all nu e set of all points t .
“to infinity” :gvl:':arsd Ie}fs than a given one) as an Opexcl) fr?: left of a given
rd the left. We designate it by (—w__b) ‘::?ilftretchjng
—/) e student

should keep in mind
] that oo is not a imi
set of all points (numbers) to the rightn(:}n;eral. Similarly, (a_ o0) is the

(5) Def.
(6) Def.
(@_o0) = {z]z > a}.

Describe in set notation, in words, and sketch:

() (@ —e_a+e.

When the endpoi
\ points b
designated by (a b). " belon

g to an interval, it is called closed and is

(7) Def. (a S
(8) Def.

TS =@<snz<y,

@ b) = {zla < z < b).

When only one
of the endpoi
closed on the i points belongs, the int . .
on the right e(;lgl;)t) or on the left. Thus (a_b) is closlelde;zz::; lsz said to be
» \@__0) 18 open on the left and closed on the righ: eﬁ aI'ldﬁopm
. An infinite

interval cannot be cl i
iterval c: ] osed, since it doe
direction in which it “stretches to inﬁflir’:;t”h #ve # frst o last point u the

Gi ve deﬁ] ll'tl'olls ()f . ( W X) a ‘ x b y a (4 b
. ) a < xr < b,
z a b aa a b bb a ] cC o« b . Sketch and de-

scribe in words: (dd) (3 4
(hh) (=100 _100), (ii)T%lfl) () 0 _®), (gg) (—w_0)

ProBLEMS

1. Find @ {0}. )
2. Find ® {1, 2, 3, 4, 5}.

Graph Problems 3 through 10.
3. |z < 1.

baltistd—o Lotk-3-0
3z —1<0, 3w —1=0
9. 22 < 0. lg- T& (—1_1).

TC (_°°_oo),
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In Problems 11 through 19 write inequalities synonymous to each expression.

11. z € (2__3). 12, z € (2_3). 13. z € (2_3).
4.z (1 ). 15. z € (—w__3). 16. z € (—1_5).
17. & (2_8). 18. z& (—ow __—1). 19. 2 & (—1__o),

Tell whether each of Problems 20 through 23 is true or false.

20. (2_3) < (2_3). 21. (—1_0) S (—1_1).
22. (3_5)C (4_5). 23. (1_5)< (2_6).

24. Identify (3__ 3).
25. Comment on (3 2), (2_2), and (2 __—).
26. Is 2C (2__3)7

*27. Name several subsets of the U. S. Senate.

ANSWERS To EXERCISES

(a) “A is included in B” means that any member of 4 is also a member of B.
(b) (1) and (3-3-3). () T. (d) T. (e) F. (f) F. (&) T.
) {9, {1}, {2}, {1, 2}}. () {9, {2}, {3}, {2, 8}}). ) {9, {1}}.

M {21 O {9, {1}, {2}, {3}, {4, {1, 2}, {1, 3}, {1,4]}, {2,381, {2 4},
{3,4}, (1,23}, {1,2,4}, (2,3,4}, {1,3,4], {1,2,3,4}}. (m) Two points,
3 and —3. (n) All points to right of —1. (o) All points to left of 3 and all
points to the right of 4. (p) All points between 3 and 4. (q) All points to
the left of —5 and all points to the right of 1. (r) Null set. (s) The set of
all linear graphs. (t) {z|2 < z < 4}; points between 2 and 4. (w) a <
tA2z<b (2 |zla<z<b}. (bb) {z]z>a}. (i) The closed in-
terval froma¢ — etoa + e.

ANSWERS TO PROBLEMS

1 {@,{0}}. 3. (=1_1). 5. {—2}. 7. (—=_1/3}. 9. 9. 11. 2 <z < 3.
13.2<2<3 15 z<3 17.2<2Vz>8 10 z< —1. 21. F.

23. F. 25. 0.

3-5 Ordering of the real numbers. In Sections 1-7 and 3—4 we dealt
with inequalities in terms of their geometric interpretation without

definitions or proof. In this section we use simple set theoretic ideas to -

give a more logical theory.
Let Re be the set of all real numbers. We assume that there is a subset

of Re, which we call Re*, with the following properties.

(1) AX. (a € Ret A b€ Ret) = (a+b) € Ret,

(2) Ax. (a € Ret A be Ret) — ab € Ret,

(3) Ax. ac€Re—[(acRet) Y (a=0)V (—a € Reh)),
(4) Def. a < b= (b — a) € Ret,

by hypothesis. Now, if in addition ¢ >0
(b — a)c € Re*, be —qe € Ret, or ac < bc’
€ <0, —¢>00r —¢ce Ret by (12), and v’ve
ac —bc e Ret, orac > be, as required in (16")
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(5) Def. a>b=5<aq,

(6) e >0=ac Ret.

(7) e <0= —q € Ret,
(2) Prove (7).

R;-miglj l(162;, t;lvhicht fotl'lows immediately from (4)(a:0, b:a), we see that
SU the set of positive real numbers, We ma, “

“ . o, ' r ”
‘(:reh Re."')' 88 ‘a1s positive” and “a < 0” (—qg e Ret) a.sy “aeizdnegaati>ve0”
; it t}llns mtuitive idea of Re™, (1) through (3) are most plausible Hov;r—
ver, the proofs that follow do not depend on any interpretation .

(b) Justify (8) through (13).

® @>0Ab>0 - @+b>0),
©) @>0Ab>0 - >o0),
(10) @<0V(@=0yv@>o0),
(11) (@>0) = (—a < 0),

(12) (@ <0 = (—a >0,

(13) @<b)=0-a>0).

We can now prove the following frequently used laws.

(14) : [la<®d) A B < ol — (a < c),
(15) (a<b)<—>(a+c<b+c),
(16) c>0-—>(a<b<—->ac<bc),
(16" c<0->(a<b<—->ac>bc).

';‘}I;e proof of (.14) rests directly on (4). By hypothesis we have a<b
and b < ¢, thatis, b —a € Ret and ¢ — p € Ret. From (1) we have

then, (b — a) + (¢ — b € Ret - + .
our conclusion by (4). ) ¢ e ac ReT. But this last is just

*(c) Write out the precedin i
eding proof, with steps and reasons, in fi :
(d) Prove (15). (Suggestion: Write hypothesis and conclusion ’ix:I;er(IZ;n :} ;fte)‘,’}e).
To prove (16) and (16), we begin with q < b, that is, b — ¢ c Re+
that is, ¢ € Re*, we have
as desired in (16). But if
have (b — a)(—¢) Ret,
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An understanding of (16) is essential for work with inequalities. Be-
cause of it, inequalities cannot be treated as though they were equations!

(e) IlNlustrate (16) and (16’) for (a:2, b4, c:2), (a:2, b:4,c:—2), (a:—2, b4,
c:—1). (f) Restate (8) through (16’) in geometric terms by reading ¢ < b as
“a lies to the left of b.”

Laws (15) through (16’) can be used to solve simple inequalities. For

example,
(17) x+4<b5c+1e —2xz < —3 (15)
(18) x> 3/2 (16").

(g) Show that mz 4+ b < 0> z < —b/m is not a law, and write a correct
law giving the solution of mz + b < 0. (h) Solve 1 — 5z > 2z -+ 4 as in
(17) and (18). (i) What is the geometric interpretation of ¢ < b? of @ > b?

(19) Def. @a<b)=(@<bVa=hb),
(20) Def. (@a>b)=(e>bVa=h).

We can now easily prove that the square of any real number is non-
negative; that is,
(21) z € Re — 22 > 0.

(i) According to (10), there are only three possible cases: z < 0, z = 0,
>0 Ifzxz<0 —z>0 and (—z)(—z) > 0 by (12) and (9). But
(—x)(—z) = z?, 50 z2 > 0 in this case. Dispose of the other two cases.

Suppose we wish to solve the inequality 22 — 4 < 0. We have (z -} 2)
(x —2) <0 Ifz-+2>0 wemay divide by it to get + — 2 < 0.
Henceif bothz 42 > 0and z —2 < 0, thatis,ifx > —2and z < 2,
z is a solution. Evidently any point in the open interval (—2_ 2) is a
solution. But suppose z 4+ 2 < 0. Then division yields x — 2 > 0.
Hence if both z + 2 < 0 and  — 2 > 0 are satisfied, x is a solution.
But this means < —2 A z > 2, which is impossible. Another way of
looking at the inequality is to observe that for (x 4 2)(z — 2) to be nega-
tive, one factor must be positive and the other negative, which yields the

same result.
(k) Solve 2 — 1 < 0 in this way. (1) Solvez2 — 4 > 0.

The following theorems are helpful in solving quadratic inequalities.

(22) ab>0{@>0Ab>0V(e<0Ab<O0)
(23) b <0o[a>0Ab<0)V(@e<0Ab>O0)
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Use (22) and (23) to solve: (m) 2,2 — | <0 2
BH2<O D) P+ B0, @6 pergcy OFF

ProBLEMS

;. (thow fx;;)m (10) that if ¢ » 0,thena > 0orq < ¢
- onsolidate in a single axiom the ent; i di i
(3)3, lgcmding all Quantifess vaonhe ireé assumption ending with (1) through
. Show that a + 1 > ¢ i i it i i
o) Shor + @ 18 a law by proving that it is logically equivalent
4. Show that if ¢ > 0,a+¢ > aq.
5. Show that e — 1 < g,
6. Interpret the followin i ibili
xmpies g verbally, argue for their plausibility, and give

(24) ~(a < a),

(25) a<b->~0b < a),

(26) aX a

(27) @< bAb<ZLa)> (a =p),

(28) (aSb/\bSc)—)(aSc),

(29) (@ <b)e (—a > —b),

(30) (a<b)<—>(a~c<b—c),

(31) (@ <0)e (1/a < 0),

(32) (@>0)e (1/a > 0),

(33) @<bBY (@=b)V (a>p),

(34) (@ > 0) < (a/b > 0),

(35) @ >0 ->@<bo 1/a > 1/b),

(36) (ab < 0) — (@a<be1/a < 1/b),

37 a? + b2 > 20,

(38) (aZO/\bZO)—»[a—?Z\/ch],
(39) (@>1) > @2 > g),

(40) 0O<a<1)- (< a),

(41) (O<a<b/\0<c<d)—*(ac<bd),
(42) (a<b/\c<d)—>(a+c<b+d),
(43) (OSa/\OSb)—»[aSbHaZszl-
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%7. Any sentence involving <, >, <, or > can be rewritten by using the defini-
tions (5), (19), and (20). For example, (29) yields b > a «» —b < —a. Also,
laws concerning < and > can be constructed by combining laws of equality
and inequality. For example, (29), (2-6-11), and (2-7-37) yield a < b«
—a 2> —b. Use these and other methods to find further theorems about in-
equalities. )

*8. The arithmelic mean of a and b is (a + b)/2, and the geometric mean is
Vab. State (38) verbally. Prove (37) by showing that it is equivalent to
(@ — )2 > 0. Prove (38) by a substitution in (37).

In Problems 9 through 12 identify the set.
9. {z]x2 — 2 < 0}.
10. {z|z? — 2z + 4 > 0}.
11. {z}(z — T)(z + 4) < 0].
12. {z|z(z + Dz — 2) > 0}.
13. Show that (21) is equivalent to the statement that no negative number
has a real square root.

Problems 14 through 17 refer to the discriminant of a quadratic equation and
the quadratic formula discussed in Section 2-8.

14, Without solving, determine whether the following have real roots:
22—z4+1=0,2:2+54+1=0,22—10z+ 25 = 0. :

15. For what values of k are the roots of z2 4 2z + k& = 0 real?

16. For what values of k are the roots of 2kz2 4+ z — 1 = 0 not real?

17 For what values of k are the roots of 22 + kz - 2 = 0 real?

*18. Show that if A2 > K, B2 > K, A > 0, and B > 0, then AB > K.
%*19. Showthat 0 < e < b A 2> 0—>a/b < (at+2)/(b+2) < 1.

*20. Suppose that ¥ = C -+ §, when Y = national income, ¢ = consump-
tion, and § = savings. Show that with national income constant, a decrease
in savings means an increase in consumption.
*21. Prove0 < v <1-—-1—p <1 — 92

%*22. Prove (aib>c_*c_d)(_)(aic>b—{b—d)'

*23. Prove (.__1 < ”Lk;jﬁ < 1) — (k1 — k2 < ri2 < k1 + k2).

24. Under what conditions is 4.36¢ > 2.6507
%25. Prove that (az + by)2 < (a% + b2) (22 + y3).
26. Solve forz:ax — 24+ (2 —a) < x4+ a+ (2 — a).

3 - 2
27, Solve -4 4 < -
z T

28. “The square, divided by 10, of any number larger than 0 and smaller
than 10...is a positive quantity smaller than the number itself.” (“Predicting
Supreme Court Decisions Mathematically,” by Fred Kort, in the American
Political Science Review, Vol. LI, No. 1, March, 1957.) Prove this.
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ANSWERS TO ExERcisgs

.(a) (@ <0) = (0 —a)c Ret = —a € Re*.
:xxoms. (d) (@ <) (b— @) € Ret & (¢ — ¢) E:i) (f Igma) S)ReTi the
th—l— ¢ h— (a+ ¢) 'E.Re'*(-». atc<b+4ec (f) For example, (11): If ¢ is to
e right of the origin, —q is to the left. (g) False for anym < 0;m > Q0 —
mz+b <0 g <‘—b/m) Am<O0— (mztb < Oz > ’—b/m)
' (h) z < —3/7. (i) a < b: the point a coincides with or is to the left .f b
(G) 2 =0— 22 =0;7x>0- 12>, & 4+ 1)z —1) <0 oo
EFDSO0AG—D20VIGHD20A @—1) < 0] s
([:;' ;2—_.11/\<x02' llt}\l/ (z > —% Az 1o —1< g < 1—, and the graph
s 1s the closed interval (=1 _1. Mz<—2vze>o

1
(m)—-—2<x<—\/§. ™ z2< —VITV 2> VIT (0) 2 <z < —1.
P z<(—8—-VE/2Vze> (=3+V5)/2. (@) —4 < 2 < 3.

ANSWERS To ProsLEMS

s l.lgrm.n (2-2-11), (2-7-48), and other laws of logic. 3. (15)(a:0, b:1 c:a)
2(> )(a:—1, 5:0,c:a). 9. (—V2_+?). 11. (—4_7). 13. vz [;: S ,Re.-—;
T 20 = ~ 3z ~ [ € Re - 22> 0] = ~3zlz € Re A 22 < 0],

15. {k|2% — - _
kZ\le W20 = (klk =150 = (—w_1). 17 k< —vEy

31;6 1Ol'Jerations on sets. We consider a universe of discourse U together
with all its subsets. If 4 is the subset, the complement of A, A’ (read

“A prime”), is th
Formals ) e sef of all elements of U that do not belong to A.

(1) Def. A = {z]~@ e 4)).

For example, if 7 — {0,2,4,6,8, 10}, {0, 4,8} = {2, 6, 10}.
(a) With the same U, {2,4,6}) =7 (b) Justify (2) and (3).

2) t€d’ = ~(z € 4),
@) zlf@)}) = {z]~f(z)}.

If A and B are subsets, their intersects, AN i

bl b
Uk ) : ' ction B, is the set of elements
(4) Def. ANB = {xlxeA/\xEB}.

For example, (0,2, 6,8} n {2,8, 10} = {2, 8.
(c) {a,b,¢,d} N {a,c,e,f) = ? (d) Justify (5) and (6).
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(5) re(4dnNnB) =z A4 AzxEB,
6) [(zlf@)} N {z]o@)} = {z]f@) A 9@)).

If A and B are subsets, their union, A U B, is the set of elements that
belong to either or both of them.

(7) Def. AUB= {zlzx € A V z € B}.

For example, {0, 2, 6,8} U {2, 8,10} = {0, 2, 6, 8, 10}.
(e) {a,b,¢c,d} U {a,c,e,f} =7 (f) Justify (8) and (9).

(8) x€(AUB)=z€ AV zeB,
9 {z|f@)} U {z|g(x)} = {z]f(@) V g()}.

(g) The symbols N and U are sometimes read “cap” and “cup.” Suggest a
reason for the choice of these symbols.

The intersection, union, and complement may be convenien'tly Ylsuallxze(;l
geometrically if we think of the universe of .dlscourse as a region in a ptg(x)ln
and the other sets as regions within it. In Flg. 3-3 we shovxf the lnte:ri(.ec i ;
as the region common to 4 and B, the union as the region conils 1ngi (;)n
those points in either or both A and B, ‘and the‘complement a,sti1 e rei%1 o
outside 4. Note that 4’ is not everything not in 4, but every 1ngThe
that is not in A. Diagrams like Fig. 3-3 are Falled Venn dzag;‘arr%& o 3-7
are useful aids to the imagination; however, like the truth tables in Chap

ter 2, they are not to be confused with proofs.

AnB AuB

A7 B/ 4nB
Figure 3-4
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A special kind of Venn diagram, due to Lewis Carroll, is illustrated in
Fig. 3-4. It is very convenient for visualizing the subsets formed from a
universe by two sets.

(h) Copy the diagram for 4 N B in Fig. 3-4 and label the three unshaded
Squares properly, using the following labels: A’ NB,4ANB ANB. Ona
similar figure, shade () AUB, G A'u B, (k) Aup, 0 (4 n By
(m) Repeat Exercises (i) through (1) using a Venn diagram like that of Fig. 3-3.

Let U = the human race, 4 = the residents of New York City, and B =
the citizens of the U. S. A. Express the following symbolically and draw Venn
diagrams: (n) the American citizens who live in N. Y, (o) aliens,
(p) people who live outside N. Y., (q) citizens who do not live in N, Y,
(r) the set of all people, (s) residents of N. Y. together with all aliens,

With symbols defined as in the preceding paragraph, express in words:
® 4'nB, (u An B, (v AUB, (w) A’'N B, (x) AU B.

Complements, unions, and intersections of intervals are very conven-
ient for specifying the solutions of inequalities. For example, we found
in Section 3-5 that {z |22 — 4 < 0} = (—2_2). Then

10)  {z]2® —4 >0} = (—2_ 9y — fzle < —2 vz > 9
(11) = lzle < =2} U {z]2 > 2}
(12) = (—0_=2) U2 o).

By combining intervals we can get a very large variety of sets of points
n the axis of real numbers, Among these sets are those consisting of sin-
gle points, since {z} = (a_2a)n (z_b) for any a < b. Thus we may

think of a set consisting of a single point as a “degenerate” interval. We
might even write {z} = (=_ 2.

Find a simple expression for and sketch the following sets: (y) 2 )y,
@) B_5n@4_6), (z) B_5 U (4_6).

ProBLEMS

An insurance company with policyholders U is studying characteristics of
certain kinds of policyholders. Let A = adult policyholders, B = male policy-
holders, C = married policyholders. Describe in words:

1. 4’ 2. B 3. C.

4. AN B. 5. AUB. 6. BN

7. B'nc. 8. B'u . 9. 4nBnN0O).
10. (ANnBNC. 11. U, 12. /N (B no.
13. 4/'uBnO. 4. BNnCyn A. 15. (4 U BY.
16. BU B,
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Using three circles, draw Venn diagrams of the following:
17. AN (BNCQ). 18. AU (BUC). 19. (AN BY.
20. (AU B)NC. 21. BU (Cn 4. 22. A’ n (B’ NnC.
*23. Suggest ways in which diagrams of the type of Fig. 3—4 could be adapted
to representing three or more sets.

Sketch:

24, (2 — e_2+ € wheree > 0. 25. (3_5)U (5_6).

26. (3_4) N (4_95). 27. (—1_3yuU (0_2).

28. (—1_3) U (2_39). 29. (—1_3)N (2_5).

30. (—1 _3)yn ©_2). 3. {1} U (3_49).

Show that

32. (—o _b) = (b_). 33. (b_») = (—=_b).

34. (a_b) = (—»_0a) U (b _=). 35. (@_b) = (—o_a)U (b_»)

36. (a_b) = (—o_a) U (b_»). 37. (a_by = (—»_a)U (b_=»).
= 39. (a_ga) = O.

38. (a_a) = {a}.

40. a > b — {(a_b) = 9l
41. (@ N _d) = (c bis not a law.

For Problems 42 through 45, let A U B be the elements in 4 or B, but not

both.

%42. Give a formal definition.
%43. Draw a Venn diagram and a Lewis Carroll type.

%44. Show that AUB = (AUB)N (AN B).
+45. Under what conditionsis A U B = AU B?
The relative complement B — A of A with respect to B is defined as the
set of elements of B that are not in 4.
%46. Give a formal definition.

%47. Show that the complement of
spect to the universe of discourse.

a set is its relative complement with re-

Express 48 through 55 in terms of intervals.

48. {z|(@@ + 1)@ — 3) = O}. 49. {z|(z + 1)@ — 3) < O}
50. {x|22 — 3 < 0}. 51. {z|z® — 3 > 0}.

52. {x|22+ 5z — 6 = 0}. 53. {z|2?+ x4+ 2 > 0].
54. {z|22+ 22+ 5 < O} 55. {z|22 + 2z -+ 1 < 0}.

ANSWERS TO EXERICSES

(&) (07 8, 10} 4 (b) (3_3_3) (C) {a: Cl. (d) (3_3_3) (e) {ar br ¢, d: £ f}-
(f) (3-3-3). (g) Similarity to A and V in terms of which they are defined.
(b) See Fig.3-5. (i) Fig.3-6. (j) Fig.3-7. (k) Fig.3-8. (1) See Fig. 3-6.
m) AnB. (o) B. (p) A. (@ A'nB. (M U. (s AU B'. (b
Citizens who do not livein N. Y.  (w) Citizens who live in N. Y.  (v) Those
who are citizens or who livein N. Y., i.e., citizens and New Yorkers. (w) Aliens

g
i
5

k-
p
y
5
<
.
38

separate diagrams for each
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A A’

BlAnBlA’nB

B/|4 n B’|A’ A B/

Figure 3-5

Qo

Fi1gure

—6 Ficure 3-7 Figure 3-8

who live outside N. Y.

) (—w_ 2). (x) Those who live outside N. Y. or who are aliens.

(@) 4_5. () (3_6).

ANSWERS To PROBLEMS

1. Mi .
. mIZIl::;(.)r ;;oh]cjy;lol'defs. 3. Unmarried policyholders. 5. All adult
ol male Min(;rs a:;rrﬁ:d fen.lales. 9. Married adult males. 11 Esmartl;d
nor manes. 1o mi;a;or l?arrl;zd males. 15. Those who are neithe.r adllljlty
31, A vt o the mi emales. 25. (3 _6). 27. (—1 3). ;
12 (oo ond interval. 32 through 41
e re VY z € B}. 45, ANB=0. 46. B — 4 = 4’

( ). Bl (—0_—\/3) U (vV3_w). 53. (—o o). ;Bb

the correspondin i :
4 g logical operations i
satisfly laws similar to those of logic.’ we might expect that the sets wonld: .

(1) (AUBY = A’ B

(2) (ANBY = A'UB (De Morgan’s laws),
@) AUB=BuUA

4) ANB=BNnA (Commutative laws),

G AuBuUC) =4 UuB)ucC

© ANnBNC)=(AnB nC (Associative laws),

’(7) AU(BnC)=(AUB)n(AUC)

@ ANBUC)=(AnB)U(nC) (Distributive laws),

9) Aud=4g
(10) ANAd=4 (Idempotent laws),
(11 (A4 = 4

(Involution law).

Di . }
1agrams are helpful in appreciating these and other laws. By maki
. making

si i
de, we can see that different procedures are
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/ at rules of proof were used in step (8)?  (c) in step (r)?
B B On : :
for b; ?;i%ﬁis)o ?};galée lnforrrllally for these identities by showing, as called
/ ) every element of one set belo ' ae
B B lc;lg\;ezzegr UTB? argue for (3) in this way we suppolsleg Stl:;ttsz Sfcond, and
must belone s Then it must belong to 4 or to B or both eBeIt?ent be-
) , i o 8105 or to A or to both, and hence to Bu4 ut then it
77770 A U B 777 A7 - tg ning with an element belonging to B U 4. we Similarly, be-
(Au By Ny B/ 1  43 t}? xi U B. . Of course this is merely an info;malargue that it must belong
B 47 0 B e logical identities remaining implicit. paraphrase of (12) with
Ficure 3-9 (d) Argue informally for (1) and prove it.
B’ B’ N — (15) 4u Q = A;
B/
. (16) AN D = 0
7) AuU=1U
R 4 P77 4nB An(BuC) (18) ’
7 BucC Y 4 nc¢ (AnB) u(4n0) ANnU =4,
Ficure 3-10 (19) Avd =y,
. . . . . (20) AnAdA' =9
involved and that the final result is the same. Different kinds of shading )
should be used for each set that is of importance, and the sets should be (21) U =9
clearly labeled. Figure 3-9 shows Lewis Carroll diagrams of the two sides (22) , ’
of (1). In Fig. 3-10 we sketch the sides of (8), letting the central square 9 = U,
represent C. (23) (Ad=P5)o (4= B)
(2) Let U = people, A = students, B = males, C = females, so that (249) A4 = ’
AN (BN C) = students who are both male and female, and 4 U (BU C) = 25) =ANnBuUuMdn B,
those who are either students or men or women. State each law above in words 25 AUB = ’ ,
in terms of these sets. (26) AnB)u nBu (4 n B),
U =
(AnB)U(A’nB)U(AnB’)U(A’nB’)

The proofs of the above laws are easy. One simply applies the defini-
tions and then the identities of Section 2-5. For example,

(12)  Proof of (3):

0 1,][8 ab()ve ilonl dlagl&l}ls a:nd lnfOIIna,Hy flOXIl the Inealllllgs

of the terms. (f) Prove (15)

Simplify, ). (g) Prove (23).
0 Cn o)A aetVAd ©AuCue) G sn :
(A'NnB e, 81) g}n 9)(}) (}? ) (C}Z UBNC), " (m) (4 LrJTI(?TUHC’?L)J’
@®ENDHUENT)UE N T)(:) (r)UAQ’u (g»)n(gyn FvEne.

(8) = {zlzr€B V z € A}
PV g=gqVppxre A qzeB)

1) —=BUA (3-6-7)(A:B, B:A).
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i i h of the following:

i i like Fig. 3-10, sketch eac )

oo %Stgf:r?\ l; ne, @ A’'nB' nd, (v? A’ U {3' U,

Eg)UAC% BNC (x) AU (B NC), (y) thesetin Exercise (r).

() A'n

PrOBLEMS -
icti ars a diagram similar
i ion to a recent dictionary there appe _ e .
ItIL e H}flr(;gi:cggrlll in which X = formal literary English, ¥ = colloquial
to the one 1 . ,

English, and Z = illiterate English.
Y

Xz

Figure 3-11

i f X,
1Na.meabcdef,an,bUc,allX,andbUdUemtermso
. y Yy Ty M ¥y

lly. o .
" znd\ghzildas‘;?gltim is implicit in the diagram? Express it in symbols an

d . .-
Wor3S For A 'B. and C defined as in Problem 4, find the sets of Exercises (s)
. For A, B,

: i = (1,2,3)
thril.lg?l]fxarate the laws of this section for U = {1, 2, 3,4,5], A { )

= (2,3,4),C = {2,4,5}. ,
? 5. {Find the complement of (4’ U B’) N (4’ U C').

f the laws of this section.. . .
S. llzr;"‘ilses?;(l;; (;)y applying the distributive law to the right member

8. Discover and prove some laws involving the relative complement.

B.
*9. Do the same for 4 g o
+*10. Interpret the following definitions:

US = {z|IyyeS A z €y},

(29) Def.
NS = {z|lvyy € 8 - z € y}.

(30) Def. /) i
%11. Show that U{4, B} = AU B,and N{4,B} = ANB.

o fa
%12. Let K = the set of points in a plane within and on the boundary of a

i i S =K.
square. Let S consist of all circular regions that include K. Argue that N

* 13' Leh C t'he set’ Of a‘ll pOlnt‘s in a pla‘ne hlt’hln a‘nd on bhe CIIcunlfeIence
Of a clICle. Let T be the Set ()i all [)Olvgons lnscrlbed m the clrcle. AIgue tvhat

ur =c.

|4 Al IS“)' e ex[) me: ws O 0 1' fO OwWSs: 1 All A
1 la 8 f 1 g C as 11 S. ( )
i 1 I‘essed the funda nta: > - ‘ .
i A . (2) NOthing is both A and nOt A.. (3) EVerytlllng 18 elthEI A or nOt 11
18 .

Express these laws in set terminology.
15. Prove (28).
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ANSWERS To ExErcises

(8) (1) Those who are not either students or males = those who are non-
students and nonmales, (2) Those who are not male students = those who are
either not students or not males, (3) Those who are either students or males =
those who are either males or students. (4) Student males = male students.
(5) Those who are either students, or males or females — those who are students
or males, or females. An alternative: Students together with males and fe-
males = students and males together with females. (6) Students who are males
and females = student males who are females. (7) Students together with
the male females = those who are both student males and student females,
(8) Students who are males or females. (9) Students and students = students.
(10) Students who are students = students. (11) Those who are not non-
students = students. Note: Either “and” or “or” may be involved in a correct
translation of U. Thus A U B = the 4’s and the B’s = those who are in 4
orin B = those who are in 4 and those who are in B. But ANB = the A’
in B = the B’sin 4 = those who are in 4 and in B. It is best not to rely on
rules or memory, but to understand the meaning and translate into the best
English in the particular context.

(b) Rule of Substitution in PVeg=qgVoptoget ze4 VzeB =
TE€B V z € 4, then Rule of Replacement to insert the second for the first.
(c) Rule of Substitution in (3-6-7), then Rule of Replacement, to replace the
right member of () by (¥).  (d) If an element belongs to (4 U B), it does
not belong to 4 U B. Hence it cannot belong to 4 or to B, Hence it does not
belong to A and it does not belong to B, that is, it belongs to 4’ N B’. The
converse is shown similarly.  The proof goes as follows: (AU BY=
{z|lz € (4 U B} = {(z|~@x € AU B)} = fzl~ze 4 Vv s e B)} =
{z]~@ e 4) A ~EZEB) = (zlre A A = EB'} = (z]ze (4N B)} =
A’ N B’. An alternative way of working the proof is to write z€ (AU B =
~ETE(AUB) =... =4 € (4’ N B’), and then use (3-3-4).

(e) For example, (15) says that the objects that belong to a set or to the null
set are just those that belong to the set. fH Aug = {zleedvze D},
By (3-3-2), ~(z € ?), and by (2-7-31) ~(z € 0) — (zedvze ?) —
(r € A)]. Hence by the Rule of Inference redvVvze 9) & (z € A).
Hence {z]z€ 4V ze9) = {z]z € 4} by (8-3-6), and {z]|z € 4) = 4.
(8) By hypothesis 4 = B’ Hence 4’ = (B’)’. But (B")' = Bby (11)(4:B).
Hence A = B — A’ = B, The converse is proved similarly.  (h) B, (i) U.
Mo WO OU @ @MU (09 (1 B (@ SUT.
n(AnBnoy.

ANSWERS TO P ROBLEMS

l.a=XnY’nZ’,b=XnYnZ’,c=XnZ,d=X’nYnZ’
e=X'NYNZf=Xn YNZ aub =XNZ,buc=Xn YanX = g,
bUdUe = YnXxnz. 2. xn Y"NZ = @. There is no formal literary

- illiterate English that is not colloquial; i.e., all formal literary English that

Is illiterate is also colloquial, 3, (&) {4,5). () {2]. () 9. (v (2). (w) O.
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. 7. Right member =

1,2,3). ) (1, 3,4, 5}. 5 An(BUCQO) , i pher =

ffi)r‘{l(BUB’)]U[A’ﬂ(BUB')] =AnNn)yudn U)——Azbl_;z)z: 7 U
15, AN(AUB) = (AUD)N(AUB) = AU@BNB) = .

3-8 Relations between sets. In Section 34 we defined and illustrated
briefly the relation of inclusion. With the aid of se.t algebrr«% we can an-
alyze inclusion further and consider some other possible relations between
sets. . .

From the definition (3—4-1) we have immediately

(1) AcA,

2) [ACBABcCl — ACC,
3) 0 c A,

(4) AcU.

From (3-3-4),

(5) [ACBABcAl— A=B.

Additional laws are

(6) (ANB)CA,

(7 AcC(AUB),

(8) ACB+< B c A,

9) ACB—(ANnC)c(BnO),

(10) AcCcB—-(AuC)c(BUO),
(11) ACBe [ANnB= 4]

(12) ACBo[AUB =B,

(13) ACBNC)[ASBAACC,
(14) (AUB)cCe— [AcC ABc(]
(15) [ACBA~(ACO)]—> ~ (BcO),
(16) ACBe[AnB = 90]

These theorems are intuitively evident if they are expressed vex:baliy
or illustrated by Venn diagrams. They are also easy to prov; by FSli'nI; ,Z
using the definitions and applying theorems 'from Chapte/i‘ .B o'Then
ample, to prove (6), we assume by hypothesis that z € 1 nf I.f Then
zr € A A z € B. But by the law [p A g] — p and the Rule of Infer
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it follows that + € A. Hence Yz (z€ANB-zed),
lent to (6) by the definition of inclusion. Or we may
that if an element lies in both 4 and B

member of 4 N B is a member of 4.

which is equiva-
argue informally
, it must lie in A4, and hence every

(a) Argue informally for the above laws in

terms of Venn diagrams and the
meaning of terms. (b) Prove (7).

To prove (15) we note that it is equivalent to (2) by the identity

[(AQD>rT=1[p A~1) > n~g]
with

(p:A < B, ¢gBC C,r:A c0).

(c) Prove the logical identity (2-5-35).

(d) Make the substitution (4:C,
B:4,C:B) in (2) and then prove (17).

17) (ASBA~CCB)]—~(Cc 4).

To show the plausibility of (16) we note that A is a subset of B if and

only if every member of 4 is 2, member of B, that is, if and only if no mem-
bers of 4 are in B/, that is, 4 N B’ = .

To prove it, we write
A< B= Vz(r € 4 > z € B)]
= [~z ~(r €4 >z e B)
[~z(xe d A zeB)
= [~3zzx (4 N B)] o [AnB = Q).

I

(e) Justify each step in the preceding argument.

If two sets have no members in comm
This relation may be symbolized by 4 /
by the fact that two straight lines in a
they are parallel.

on we say that they are disjoint.
/ B, the notation being suggested
plane are disjoint if and only if

(18) Def. A//B=[ANnB=29)

(f) Draw a Venn diagram showing two disjoint sets. (z) Show
(19) A//B—B// A.

(h) Prove (20).

(20) A//B < AcChB,
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(i) Prove that A//B < B C A4’.

21) [A//B/\A//_C]_’Ab//(BUC)'

(j) Show that [A//B A B//C] — A//C is not a law.

We define two further relations, leaving their properties to be worked
out by the reader.

(22) Def. ACB=[AdCBA A = B

When A C B we say that A is a proper subset of B.
(k) Give an example for which A C B A A C B.

(23) Def. AYB=~[ACBVBCAV A//B).

When A § B we say that 4 overlaps B.

i i rati d several examples in which
Venn diagram illustrating 4 ¥ B an 1 . j
((2 }?FBEW)W * (m) Illustrate the definitions and theorems of this section using

U = {1,2,3,4, 5} and its subsets.

ProsLEMS

1. Complete the reasons in the following proofs and supply informal argu-
ments for the laws,
(24) Proof of (2):
(a)red-o2zec 4
(by Ac A

™,
(3-4-1)(B:4).

(25) Proof of (3):
(a) ACSBABCC(C
(b)) rEA>2EB)AN zE€EB—zE()
c)zeAd—-zeC
dAcC
(e) (3) ‘
2. Prove (8) by using (2-5-28).
3. Prove (9) by usipg (2-7-25).
g. gg:: ((lfl))b{);sﬁgtif;%t}l;)t. ANBC 4 by (6), an'd p.rovh{ﬁg1 22::
A Q.A N B from the hypothesis 4 € B and (9)(C:4). Why is this sufficient?

6. Prove (12) from (7) and (10).

Hyp,

(1): (2_10_14)7
™,

(),

QE.D, (a), (d).
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7. Prove that 4 C B «» A//B’.

8. Prove (26).
(26) ACBH[ACBVA=B]

9. Discover, argue for, and prove other laws that involve proper incly-
sion

10. Prove (27).
(27) [4//B A C< 4] - ¢//B.

11. Prove that the sets in the right member of (3-7-25) are disjoint two by
two.

12. Do the same for (3-7-26).
13. Prove (28).

(28) AYB > B ¥ 4.
14. Do Problem 9 for overlapping.

15. Show that 34 38 A//B A A c Bl

16. Show that 4 = BYvV ACBV BC 4

VY 4 Y Bisnotalaw,
Show that it is a law if the hypothesjs 4 =
z

z

VY 4A//B

A B # @ is added.
*17. Prove [{z|a < SO = fzle <
*18. Prove {z|a < 5 < b} = {z]a <

}.
%19, Prove {z[1 <z < 2l c{z]o5 < ¢ < 7.
Under what conditions does

*20. (a_b) X (c_d)?
*21. (a_8)//(c_d)?
*22. (a_b) C (c_a)?

%*23. Prove 4 COD - 4 = 43

*24, Consider the following sets of figures in plane geometry: 7' = triangles,
0 = obtuge triangles, B = right triangles, | = equilateral triangles, § =
scalene triangles, 7 = isosceles triangles, 4 = acute triangles. What relation

holds between each pair? (Pair each ope in order with every following one.)
*25. Prove 3z WrEYAzC Y.

*26. Prove [A U X = U A 4NX = 9] -

ANSWERS TO EXERCISES

(a) For example, (7) is plausible, since any member
orin B, Again, (8) is true because if every element of
not in B cannot he in A. b)zed 5ze
by(e = pV q)pz e 4, ¢z € B). (o) [(p AN))
~PV ~qVr;[(p A ~T) > ~gl = |
~pV ~gVor
(p°4 C B, 124A< B, r:CchB

(e) (3-4-1); (2-10-3) (f(x) ~zEAd oz B); (2-5-24); (3-6-4); (3-3-8).

of 4 is certainly in 4
4 is in B, any element
4 VzEB—»xE(AUB)
=1l =[~(pAyg Vir =
~(p/\~r)V~q)=~pV~~rV~q=
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® »
£o

Ficure 3-12 Figure 3-13

(f) See Fig. 3-12. (g) Since[ANB =@l = [BN 4 = @]. (h) (16), (18).
() (19), (20). () (4:{1,2}, B:{3, 4}, C:{1,2}). (k) (4:{1, 2}, B:{1, 2, 3)).
(1) See Fig. 3-13.

ANswERS TO PROBLEMS

1. (24a) p—>p (25c) [(p= 9 A(@—7n]—>(@—r). (25d) (3-4-1).
Note that quantifiers are omitted. 3. (p:z € 4,q:xr € B,r:iz € (). 5. (5).
7.ACBo ANB = @< A//B by (16) and (18). 9. Some examples:
~(ACA), ACB—>~(BCA4), ACBABCC— ACC. 11. Any
product of two of these sets has A N A’ or BN B’ as a factor. 13. (23).
15. (A:9. B:@). 21.b < c V a > d.

3-9 Descriptions. It is often convenient to refer to something as the
object that satisfies a certain condition. For example, “the set that has
no members” is a description of the empty set. Such descriptions take
the form “the z such that...,” where the dots stand for some sentence
involving x that is satisfied by one and only one value of z. We introduce
the symbol » to stand for “such that” and adopt the formula z 3 f(z) to
stand for the unique solution of f(x). For example, [z 3 2z = 1] = 1/2.
We read = » f(z) as “the « such that f(z).” Expressions of this form have
meaning if and only if there is one and only one solution of the condition
f(x), that is, if and only if 3!z f(z). The essential property of this undefined
formula is given by the following axiom.

(1) Ax. [o = =5 f@)] = [f@) A Vy f(y) =y = a].

(a) Read (1) in words. (b) Why is “z” in “23 f(z)” a dummy? (c) Justify
a =(x3z =a) (d) Comment on “z3 2% = 1.” Justify the following:
(€ 1=(3vzzz=2), ) 0=(z3vyy+z=y9), (g a/b= (z2zb=a),
M a—b=(3z+b=a), G {t]f@)] =83VzlzeSw @)

We illustrate the utility of the description notation by using it to
formulate several definitions.

Given a set of real numbers S, we say that x is the mazimum of S if z
is in S and is larger than any other member of S. Similarly we call z the
minimum of S if it isin § and is smaller than any other member of S.
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Geometrically the maximum of S is th int i
all . € pomt in S farthest to the rj
and the minimum is the point farthest to the left, et

(2) Def. maxS:xazES/\Vy[yES—).rZy],
(3) Def. minS=x9weS/\Vy[yeS—>x<y].

Find the following: M 1,23} (k . .
(m) max {—3,3}; (n) miI:T;’{zz < ';5’}. (k) max {5}; (1) min {4, —3,8};

In S.ecti{)n_ 1-4 the absolute value of z, symbolized by |z|, was intro-
fiuced mtu.ltlvely as the length of the vector z. In ( 1—13—17)’ we defined
113 by considering separately the cases z > 0 and 2 < 0. Wen
give a simpler definition, - . o con

(4) Def. [| = max {z, —zx}.

(0) Use (4) to find |0, [—3], [10].

We can now easily prove the following, which are equivalent to ( 1-13-17)

®) 22062 = g
(6) z< 06 [z = —g

' The reader should gheck that the definition is consistent with the intui-
tive concept. Recalling from Section 1-4 that b — ¢ is interpreted as
t;le vect?r from a to b or as the directed distance from a to b, we see that
lh — q is the le'ngth of this vector. Accordingly we describe b — af as
the undzrectfzd dzstancei between a and b. In particular, |z|, which is equal
;?hlx — 0], is the undirected distance between the origin and the point z

ese geometric int i i i i .
values.g ¢ Interpretations are very helpful in dealing with absolute
The following laws are evident from ic i
the geometric inte i
can, of course, be proved from (4). rretation. They

@) la| > o,

®) (la] = 0) & (a = 0),

©) la] = |—a],

(10) (ol =) & (@ =0 v a= —p),
(11) la +b] < |of + o],

(12) la] — b] < |a 4B,
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(13) abl = |a] - [B],

(14) max {a,b} = (1/2)[a + b+ [b — all,

(15) min {a, b} = (1/2)[a +b — |b — 4]].

The most useful law for solving equations involving jbs‘ol31;ti v?alcuis
is (10). Thus (Jz — 1| =.3) ox—1= 3 VvV x - 1 .——t D)o =
4V x = —2). A still easier way to solve this equation is }; ot
requires that z lie at an undirecte_d di_stance of 3 from 1. Hence
lie at 4 or —2.(!) We sketch this in Fig. 3-14.

Solve each of the following and sketch as in Fig. 3-14 [no_tlie ;Iha=t ai +2 =
T=(=2 M-8 =1, @[t—2 =3 @] .

Figure 3-14

Solving inequalities involving absolute values is m<ist2ea51iyng§::hi::1§
Lo Boometric intel"pr?tation. dThu:etiOSi()sl;Z(l:xe ; 3 ,fr;m ,3W Hence it lies
EZ%:::E? 2,(1)131185 vivrlltcllllllzijz 32.,1§zcthe closed interYal (1_35), Whiclg is tl;e
solution. Similarly, the solution of fxr — 3| > 2 is (—oo_1)U ().
Also, since

t+3l<lejr—(—3)|<1le —4<z< -2

then fz] e+ 3 <1} = (=4__—2).
Solve and sketch the solution for: () |z| < 3, (t) |2| > 3,
() ¢ —5<38 ) |ct—8 >2

The following laws generalize the results of the previous exercises.

(16) te] le| < b} = (=b_b),

(17) {z] |z] > b} = (—o0_—b) U (b__w),

(18) x| |t —a] < b} = (a—b_a+0b),

(19) {zllz —a| > b} = (—0_a—b U+ b_ ).

Use absolute values to write brief defining sentences for: W) (—e__e),

X @—03+9) (24, @@—0i_atyd.
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ProBLEMS

the two.”
3. Show that [¢ = z » f@)] = [{a} = {z[f(x)}).
4. Comment on “max {z]z < 1}.”
5. Let T(z) = the truth value of 4. Show that TpV g =
max {T(p), T(g)} and T(p A 9) = min {T(p), T(q)}.
6. What is the range of significance of “S” in “max 8”7
7. Cite several sets § such that max S or min S does not exist.

Solve and sketch:

8. [2z] = 4. 9. 22+ 3] = 7.
10. [z = —1, 11. |z] = 0.
12. |z + 4 < 1. 13. [z + 4] > 5.

4 |z —3 > g

16. |z — 5/ < 0.01. 17. |z — 2| < 0.02.

18. [z + 0.01] < 5. 19. 1 — 32| = ||

20. Find ¢ and 8 such that (@_b) = {z]|]x — el < 8).

21. Use absolute values to write brief defining sentences for (3_8), (—1_5),
and (2_ 4).

22. Often results of scientific Measurements are given in the formz = ¢ e,
meaning that z probably differs from ¢ by at most e. Express this in each of
the forms o < T B le—1 < 6, and z € (

23. za3vy ~ ver) =7

4. z3Vyyecz = ?

25. Use a description to define v/7. (See 1-13-16.)

*26. Prove (5) by proving that 20 oz > —ua.

*27. Prove (6) similarly. .

%*28. Prove (7) and (8) by brief arguments,

*29. Prove (9) by showing that max {a, —a}] = max {—a, —(—a)}.

15. 22 — 1] < 2,

r_s).

a=>bVa= —yp,
*31. Writing (11) in the form [g — (=d)] <
metrically, sketch, and argue for its plausibility.

%*32. Prove (11) by considering the cages €>0,6>0; ¢ < 0, b < o0;
¢>0,b<0;andq <05 >0.

*33. Treat (12) according to Problems 31 and 32,

*34. Symbolize by a description “the greatest good for the greatest number, ”
Does it exist? :

la] + 8], interpret it geo-

ANSWERS T0 ExErcisgs

(2) “a is the z such that f of z” means that f of q is true, and if f of ¥ is true,
then y equals a; that is, a is the one and only solution of fx). (b) z» J(x)
stands for the solution for the variable z of the sentence f(z). Without a vari-
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able present, this would make no sense. Hence x cannot be replaced by a constant.
(¢) By (1), since (@ = a) A Yy(y = a =y = a). (d) Nonsense, since the
gentence has two solutions. e vzl-z=zAVylVayz = z—>y = 1).
(f) To avoid confusion due to y appearing in two quantifiers, we substitute (y:2)

here to get 0 = (x93 Vzz+ z = 2). Then Vzz2-+0 =2 A Vy[Vez+y =
Note that this

z—=y=0. (g (a/b)b=0aAVyyb=0a—y = a/b
holds only if b # 0. (i) [z € {z|f(x)} = f@)] A Yy[(Vzz € y & f(z)) —
y = {z]f(@)}].

@3 &5 () —3 (m3 @ —/5 (00,310 (p) {24}
(@ (1,7}, () {—1,-3}. () (—3_3). (t) (—o_—3)U (3 o),
(W2 8. ) (—»_6U0_») W)d<e & Jz—3 <aé.
®Mlz—3>1 (@) |t—a >

ANSWERS TO PROBLEMS

1. -0 = a has no solution or more than one according to a # 0 or a = 0,
as explained in Section 1-14. 3. To say that {z|f(z)} is the singleton {a} is
to say that a is the unique solution of f(x). 5. Refer to truth tables and con-
sider cases. 7. (2_5) has neither max nor min. 9. {2, —5}. 11. {0}.
13. (—9__1). 15. (—0.5__1.5). 17. (1.98_2.02). 19. {1/4,1/2}.

2. [z — 550 <25 |z —2/ <3, [r—3 <1. 230. 2. y3y?=
tAy2>20 27.250—>—22>0— —z> 22— max [z, —z} = —z.

29. Since {—a — (—a)} = {—a,a} = {a, —a}! 31. The distance between
—b and a is not greater than the sum of the distances between the origin and

a and b.

*3-10 Sets and sentences. When we say that a number is prime, we
are asserting that it belongs to the set of prime numbers or that it has the
property of being an integer greater than 1 whose only factors are itself
and 1. In this way every statement asserting set membership can be
reformulated as a claim that the object has the property that is peculiar
to members of the set. This correspondence between sets and properties
is embodied in (3-3-3). Because of it we can formulate any sentence in
terms of set membership, or, conversely, we can formulate any sentence
about set membership in terms not explicitly involving sets.

(a) Consider the statement “3 is odd.” Complete the following equivalent
sentences: S ”,“3is aninteger " (b) Consider
the statement “He is my father.” Complete the following equivalent sentences:
[ — my fa,ther”; [ E ”; [{1 z ; T »
(c) Consider “There is an even prime number.” Complete the following

equivalent sentences: “{z|z is prime and z is even} Y3 7

Exercises (a), (b), and (c) suggest the variety of ways of expressing
ideas in terms of or without reference to sets. To systematize the relations
between sets and sentences, let P = {z|p(z)}, @ = {x|q(z)}. Below
we give a table of statements in terms of the sets and the corresponding
synonymous statements involving the defining sentences.

- R R
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(1) acePpP P(a),
2 P =g Yz p(z) < g(z),

®) Pce Ve p(z) — g(a),

@ P//@ Ve ~ (p(z) A q(a),

(5) acP ~p(a),

(6) CEPNQ  pla) A ¢a),

@) “€PUQ @) V q(a),

® P=9 V ~ p(2), or ~3zp(z),
(9 P=vU vz p(z).

Translate into set terminology: i i
gy: (d) He is neither happy nor wealth
Svfils e— lzg’pgy v;:;(;pl;;'ogfl' T W(zefz)ltlg people}.l) (e) He is healthy, wealthy an}(,:i.
- (8= €.) (1) He is a happy man. (M = :
A. ABC is a rxght. angle, then AB2 + B0? - AC2, and coglversel;len(.l)a =(§i) }f:
triangle; P = triangles such that the square of the length of one side is %he
sum of the squares of the lengths of the other two sides.)  (h) A number
cannot be both even and odd. (i) If z is a man then 2 is mortal.  (j) No

one lives forever. k ; ;
sides. (k) If a triangle has two equal angles then it has two equal

Th.ere are always many ways of stating an idea verbally. Asthe previous
exercises illustrate, the essential thing is to understand the meaning and

1s evidently the_ case in (2), (3), 4), (8), and (9). There the set lan ua,

ena'bles us to dispense with explicit use of quantifiers. For exam leg 'tge
easier to say that all men are mortal (men < mortals) than tocsap tl,lal,t l?
T 18 a man then z is mortal. On the other hand, the set termin};lo i
sometimes less convenient. This appears to be the case in (1), (5) g)(IG;S
and (7). For example, it is easier to say that John loves Mary th’an t, ’
t!lat John l?elongs to the set of people that love Mary. In man e
ellaher terminology is used conveniently. For example, we tg b3
prime or that 3 is a prime number. , Y ek 3 s

(1) Review Section 2-10, especially (10) and (11
43. State ‘the following in terms of seti. (IEI) )A?lnfrizfl(:fézn;iezs cf{l iy
(n.) All equxangular triangles are equilateral, and conversely. (o) NI; obl;%ions'
triangles are right triangles.  (p) Some isosceles triangles are equilate(:u]e
(q) Not all odd numbers are prime. (r) Every integer has one as a fact:r‘

In classical i i i
o class (piesymbohc) logic, much reasoning was carried on in terms
of “all,” “some,” and “none.” a kind of primiti ing i
o . . ;. a Ol primitive reasoning in terms of
Sets, which was called “syllogistic reasoning.” The rules for such reason
Ing are complicated, and all such problems can be handled more oacilx.
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in modern symbolic terms. The easiest method is to express all statements
in terms of set inclusion, then use the laws of this chapter.,
The following table indicates the appropriate translations:

10) All P are @, P cqQ.
(11) Not all P are @, or

Some P are not Q, ~(P C Q).
(12) No P are @, or

All P are not @, Pcyg.
(13) Some P are Q, ~(P Q).

In the typical syllogistic problem, we are given two premises of the forms
(10) and (11) and asked to derive a third if this is possible. For example,
given that all collies are dogs (C' C D) and that all dogs are mortal (D < M),
we have immediately that all collies are mortal (C < M) by (3-8-2). All
syllogistic reasoning can be reduced to the application of (3-8-2) or its
variants (3-8-15) and (3-8-17). For example, given that all primes
greater than 2 are odd (P < D) and that some numbers greater than two
are not odd (~(NV < D)), it follows that some numbers greater than 2
are not prime (~(N < P)) by (3-8-17).

To test a syllogistic argument for validity, simply express its premises
and conclusion in set terms and see whether it follows from the laws of
set inclusion. For example, given that all primes greater than 2 are odd
and that some numbers greater than 2 are not prime, does it follow that
some numbers greater than 2 are not odd? In symbols,

[(PSD) AN~ (NCP)]— ~0NcD)?

The reader can easily check that this is not in the form (3-8-15) or (3-8-17).
Recalling that a valid argument must be in the form of a law, we can
easily show that the above is invalid by the counterexample (P:{1, 2},
D:{1,2,3,4}, N:{3, 4}).

Of course we could handle syllogistic problems directly in terms of laws
of logic, using quantifiers, or we could express the inclusion relations in
various ways by using (3-8-16) or (3-8-20). In any case, by symbolizing
such problems we avoid both the complexity and ambiguity of the tradi-
tional logic.

(s) “If the first premise is the proposition that all human beings are moti-
vated by self-interest in their actions, the conclusion that all rulers tend to
serve their interests can readily be obtained by means of a syllogism.” (“The
Issue of a Science of Politics in Utilitarian Thought,” by F. Kort, American
Political Science Review, December, 1952) Do this.
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What conclusion can be drawn from: (t) all 41 i
. : : 1s B and no B i C,

A is B and some 4 is C, (v) no 4 is B and some C' is B? ’ W all
(w) Some laws are complicated; no confusing laws are satisfactory; every

complicated law is confusing. Draw all conclus;
. . usions you can. :
10 Bis C. Can you draw a conclusion? Y (x) No 4 is B,

ProBLEMS

Express Problems through 12 in terms of sets and using quantifiers.

1. All dogs are animals.
2. No dogs are able to talk.
3. No one can be both a man and a woman.
4. Not all men are good men.
5. Some women are blond -
and some are blue-eyed and n:: gl(t))rlxl(l:lej eyed some are blond and et blue-eyed,
. Some men are both rich and happy.
. If a triangle has two equal sides, it has two equal angles.
. If a triangle has no equal sides, it has no equal angles.
. Not all primes are odd.,
10. No perfect squares are primes. (Is it true?)
11. Some even numbers are prime.
12. Some 4 is not B.

[i=Re JNEN ¥

’With P, Q, R defined as for (1) throu i
A 8 gh (9), continue the table of
by lnserting missing entries in 13 through 18. © O symonyms

13.PCQ, ? 14.PIQ ?
15. P = ¢, ? 16. P = U, ?
17. ? r(a) V g(a). 18. ? pla) A q(a).

t*TIQ. VSVhen two ?e;ltences cannot both be true, they are said to be contradic-
ory. Suppose p(z) and g(z) are contradictory. Express this ;
quantifiers and in terms of sets, 7 press this in terms of

20. How is the discussion of thig section illustrated in Section 3-5?

In Problems 21 through 26, draw any conclusi :
y clu
validity of the reasoning, y S10n you can or decide on the

21. All 4is B, some 4 is C.

22. No Ais B, all Cis 4. ..NoCis B.
23. Al AisB,noCis 4. ..NoCis B.
24. NoAisB,noBisC.

25. “Of the prisoners who were ir tri
¢ oners put on their trial at the last Assizes all
against whom the verdict ‘guilty’ was returned, were sentenced to impr;son-’
ment; some, who were sen.tenced to imprisonment, were also sentenced to hard
labor, Hence, some, against whom the verdict ‘guilty’ was returned were
senﬁ:;{ced tc(i) hard labor.” [This and Problem 26 are among the many ,highly
realistic and practical logical problems composed b Lewis C

lished in his Symbolic Logic in 1897.] Y ¢ Tarroll and pub-
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26. “No kitten that loves fish is unteachable; no kitten without a tail will
play with a gorilla; kittens with whiskers always love fish; no teachable kitten
has green eyes; no kittens have tails unless they have whiskers.” Draw all
possible conclusions.

27. Go through this chapter, formulating the laws of logic corresponding to
each law of set theory.

28. Do the reverse, translating laws of Chapter 2 into set terminology.

29. In this section we have violated our agreement about the meaning of
“equals.” Where?

30. Read “The Maneuvers in Set Thinking,” by W. L. Duren, in The Mathe-
matics Teacher, May, 1958, for an interesting review of the ideas of this chapter
and a preview of some ways in which they will be used later in the book.

ANSWERS T0 EXERCISES

(a) 3, odd numbers; that is not divisible by 2. (b) He; He, {my father};
He, is my father. (c) @; z is prime and z is even. (d) Hee (H' n W)
(e Hee (HNWNS). ) Hee (HNM). (g R=P. (h) Evens N
odds = @. (i) Men C mortals. (j) F = 0 where F = {z|z lives forever].
(k) A B where 4 = triangles with two equal angles, B = triangles with
two equal sides,

(m) Tr < Po. (n) Eq = EL (0) ObS R". (p) ~(Is € Eq). (q) ~(0d C P).
(r) JEF, where J = integers, F = numbers having one as a factor.
(s) [Kings € humans A humans C beings motivated by self-interest] —
lkings € BMSI]. (t) No 4 is C,by[ACSBABC(C] - (4c).

(u) Some BisC,by[A S B A ~(4 C ] = ~(BC (') by (3-8-15). (v) Not
all Cis 4, by [ACB' A ~(CC B')] - ~(C C 4) by (3-8-17). (w) Some
laws are not satisfactory. We have ~(Comp C L), (Conf C Sat’),

(Comp S Conf). From the last two by (3-8-2), (Comp C Sat’). From this
and the first by (3-8-15), ~(Sat’ < L) or ~(L C 8at). (x) No.

ANSWERS To PROBLEMS

LDC 4, vzeeD—>zc A 3. MAW = P, ~zzEM Az W.
5. WNBloNnBlu ¢ @ A Wn Blo N Blw = 9 AN WnNBloNBlu = @.
Fzze W A z€Blo A TEBlU A [Ixze W A z € Blo A z € Blu'] A
BrreWAzEBl Az Blu]. 7. Es € Ea. Vz [z has two equal sides — z
has two equal angles]. 9. ~(P ¢ D). 1. ~(ECP). 12. ~(A C B).

13. vz [p(z) - q(z)] A ~Vz lg(z) — p(x)). 15. 3z plx). 17.a€P U Q.
19. (4). 21. Some Bis C. 22. Valid. 23. Invalid. 24. No conclusion. 25. In-
valid! No conclusion [see Symbolic Logic by Lewis Carroll (C. L. Dodgson)
p. 63].  26. No kitten with green eyes will play with a gorilla. 29. In
Problems 7 and 8, and in Exercise k. ’

CHAPTER 4
PLANE ANALYTIC GEOMETRY

4-1 Ordered pairs. QOnl
A X y rarely are we concerned with g s j
)rde . sing]
E lsl?ia:.lon ,l uiually Wwe are interested in objects related to othe% (:)l;)j?cizt
Hmplest case we have two objects paired. F i .
fnite e ts paired. For example, with each
pair the number of 1ts members: wi i
store, we may bair its price; with i o may pads g dfem o
. ; each time, we mj air th i
moving body; and so on For definit , ik of thy oty of 8
. . eness, let us think of the i i
store and thejr prices. We numb ite iy
' . er the item and gj ice i
that item 1 hag price 5, ite i on. Wo s ceuts, so
» item 2 has price 103, and so on W :
' ric ' . We could
tiibcle sholw:'mg this information. Each pair, consisting of an jtem :;a:ikei’ta
brice, makes up a set of two members, for example {1, 5}. However sups

5?: So;iebre? pg,ig wl;ose first member is and whose second member ig
olzed by (z,y) and is read “z, y” or “the i
: A orde ”
The essential property of an ordered pair is given by the foﬁi(ivizrazoi‘l
(1) Ax, [(a,b) = (,d)] =[a=¢ A b =]

(®) Stow that (s, o) = odll=fa=cpp= dlisnotalaw. (b) Prove

(2). *(c) W,
Do -this.(C) © could define (z, y) by (z, ) = {{z,9}, (=}} and then prove (1).

@) [(0,8) = (b, a)] = [¢ = b].




