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Competitive Equilibria and Pareto Optima
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1. Arrow-Debreu Equilibrium

> We will

Look at the trading arrangements
Look at the firm’s problem

Look at the household’s problem
Define the Arrow-Debreu Equilibrium
Look at its properties
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> Asset Pricing



1. Arrow-Debreu Equilibrium

Prices

» All the trades are determined at time 0

» Future prices and trades are contingent on the history of
shocks zt = (2, z1, ....2z¢)

» Complete markets: for each z! there exists a market for
consumption goods

» Prices:

» q¢(z") : Price of one unit of consumption in state z%, in terms
of time zero consumption

» we(z%) : Price of one unit of labor in state z! in terms of state
2% consumption

» re(z') : Rental price of one unit of capital in state z* in terms

of state z* consumption



1. Arrow-Debreu Equilibrium

Firm’'s Problem

» Firms make decision about

» Capital demand k¢ (z?)
» Labor demand n(z?)
» Output y;(z%)

» Firms maximize profits

P = max Y ¥ alshln(z) - n(zk¢(20) — wi(zt)
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1. Arrow-Debreu Equilibrium

Household Problem

» Households decide about

Consumption c¢(zt)
Capital supply ki (z*)
Labor supply nf(z?)
Investment i¢(z")

Capital holdings x;1(z")

vV vy VY VY

given the initial capital holdings xg.



1. Arrow-Debreu Equilibrium

Household Problem

» Households maximize utility

Z Z ﬁ U(ce(2)T1(2Y) o)

{ks, ns c,i X}t Ostezt

s.t.
E th D ti(z E ZQt ki (2°)+we (2 ) (2°)]+P
t=0zteZt t=0zteZt

xei1(2) = (1= 0)xe(z ) + ie(2")
0<ni(z") <1
0 < ki(2%) < xe(271)
ct(zf) >0
Xt+1(2t) >0
Xo given



1. Arrow-Debreu Equilibrium
Definition
Definition
Arrow-Debreu Equilibrium is given by
1. a set of prices (q, w, r)
2. an allocation

2.1 (y, k9, nd) for the firm
2.2 (c, k®, n®, x) for the household

such that
1. (y, k9, n?) solves the firm's problem given (q, w, r)
2. (¢, k®, n*, x) solves the household’s problem given (g, w, r)

3. markets clear: for all t, zt,

ce(2') +ir(2Y) = y(2 (consumption goods mkt)
ni(zt) = nd(zY) (labor mkt)
K(z8) = k%(z) (capital mkt)



1. Arrow-Debreu Equilibrium

Characterization

la. First order conditions to the firm's problem: for all t, z¢t,

zF (ki (2'), n{(z")] = r(z") >0
zeFo[ki (), nf(z")] = w(z') >0

» Factor prices are always strictly positive

1b. Since utility is strictly increasing, Arrow-Debreu prices are also
always strictly positive: g;(z*) > 0 all t, z*.

2. Assume that F is CRS: F(Ak, An) = AF(k,n). Then P = 0.



1. Arrow-Debreu Equilibrium

Characterization
3. Since factor prices are strictly positive (by 1a), we have

ki(z) = x(z7)
n(z) = 1

The household problem becomes

Z Y. BU(ce(2")T1(2"| 20)

{ks, ns .Ci X}t Oztezt

s.t.
E ZQt ‘|‘It < Z th ‘|‘1 5)/(5( t_1)+Wt(Zt)]
t=0zteZt t=0ztcZt

ct(2Y) >0, x¢41(2") >0, ko given



1. Arrow-Debreu Equilibrium

Characterization

4. First order conditions for the household

PV (ce(z)T(2'|20) = Aqe(2)
M(re(2) +1=0)qesa(271) —qe(2)] < 0
= if kt+1(2t) >0

Pricing kernel:
U'la(2Y)
U'(co(20))

Price of an asset that delivers 1 unit of consumption in state

zt.

q:(z") = B I1(z*|2)



1. Arrow-Debreu Equilibrium

Characterization: Asset pricing

» For each state z! there is one Arrow-Debreu asset, with price
determined by

£ U (2)) Stz
qt(z ) =p U'(Co(Zo))H( | 0)

» Advantage of the A-D trading mechanism: One can use "no
arbitrage” argument to price any other asset

Example
(risk free bond) An asset that delivers 1 unit of consumption in
period 1 regardless of the state:

Example
(riskless console) An asset that pays 1 unit of consumption forever

Example
(stock price) An asset that pays dividends d;(z*)



2. Pareto Optimum

» The social planner solves
max)_ Y B'U(c(z)11(2|0)
{ek} =0tz

s.t.

ct(2) + kes1(2') < zFulke(25), 1]+ (1= 8)ke(271)
ko given



First Welfare Theorem

Theorem
If (c, k%, y, k%, n) are competitive equilibrium allocations then
they are Pareto optimal

Proof.

Suppose that (&, k%) is a feasible allocation that yields higher
expected utility. Then P > P, otherwise it would be chosen by the
households. Because P > P, (y, k9, n?) was not a profit
maximizing allocation for the firm, a contradiction. O



First Welfare Theorem

General Result

» All we need for FWT to hold is local nonsatiation of
preferences.



Second Welfare Theorem

Theorem

Let (c*, k*s,y*, k*d, n*?) be a Pareto optimal allocation. Then
there exist prices (q, w, r) such that (q, w, r) and

(c*, k*s,y*, k*d, n*d) constitute a competitive equilibrium.

Proof.

(sketch) Find a candidate price system (q, w, r) . Verify that the
candidate price system together with the Pareto optimal
allocations constitutes a competitive equilibrium.

Candidate Prices:
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Second Welfare Theorem

Proof.

(sketch) For these prices, the first order conditions are satisfied for
(c*, k*s,y*, k*@ n*?). Since F, U are both strictly concave and
differentiable and the Pareto optimal allocation satisfies the
transversality condition, the first order conditions are sufficient. [



Second Welfare Theorem

General Result

1. Strict concavity and continuity of the utility function,
concavity of the production set

2. (In infinite dimensional spaces) Existence of an interior point
in the production set

» Differentiability or boundedness of the production function is
not required.



	Competitive Equilibria and Pareto Optima

