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Review

» Bellman Equation v* as a fixed point
vi=Tv"
of the operator

(Tv)(k) = Ogr;g;(k)U(f(k) —y)+Bv(y)

» Today

3.1 Finish the Example
4. General Approach



3.1. An Example

» u(c) =Inc, f(k) = k* (full depreciation)

1. STEP 1
Set v =0
Tvo(k) = In(k* —
vo(k) = max In(k" —y)
Solution:
go(k) = 0

Tw(k) = Ink*=walnk



3.1. An Example

2. STEP 2
Setvi = Tvg =alnk:

Tvi(k) = max In(k*—y)+aBlny

0y <kt
Solution:
ap
k) = K
g1(k) T+ ap
Tu(k) = a(l+ap)ink+In— +apin—2P
1+ap 1+ap



3.1. An Example

3. STEP 3
Set vo = Tvy = “(1 +“:B) Ink+1n l—i-lzxﬁ +apBln 11@45 :

Tva(k) = og/aéxka In(k* —y) +ap(l+ap)iny
B 2 ap
| |
+n1+a5—|—0c[3 nl—i—zx,B
Solution:

_apt(ap)® .
e (=13 ap+ "
Tva(k)=a(1+ aB + (aB)?) In k

N S ap+ (ap)?
g TP I
AN T E Fapth 1iﬁlxﬁ



3.1. An Example

oo THE LIMIT

vi = limvs
& = Jne
vik) = liﬁlnk—l—1iﬁ[ln(1—zxﬁ)+1fﬁaﬁlnzxﬁ]

g (k) = apk
Hence, c*(k) = k* — g*(k) = (1 — aB)k”

» Consume a fraction 1 — af3 of the resources, save af for the
future.



3.1. An Example

Results

» By iteration on the value function, we have found

1. The value function v* that solves (FE)
2. The optimal policy function g*(k)

> Note: The speed of convergence

alnk
a(l+ap)Ink
a(l+aB+ (aB)?) Ink

will hold more generally!



4. A General Approach

» Consider the following more general setup: x € X,

(SP) :v*(x) =  max iﬁtF(xt,xtH)

{Xt+1}§°:0 t=0
s.t. Xt+1 S F(Xt)
Xo given
(FE) : v(x) = max F(x,y)+ Bv(y)
y€r(x)

» T is a correspondence: Assigns a set I'(x) to each x.



4.1. A General Approach - Mathematical Preliminaries

» Assumption: F(x,y) is bounded and continuous.

» The assumption suggests that the value function might also
be bounded and continuous

» To study (FE) in general, we need some mathematical tools:

» Contraction Mapping Theorem: Will tell us under what
conditions will an operator mapping the set of bounded and
continuous functions onto itself have a unique fixed point.

» Theorem of Maximum: Will tell us under what conditions will
the Bellman operator map the set of bounded and continuous
functions onto itself.



4.1. A General Approach - Mathematical Preliminaries

» Consider a set of bounded and continuous functions with a
sup norm

S={f: X — R, fis continuous
| £ [|= sup|f(x)| < oo}
xeX
» Define a metric

p(F.8) =I £~ & ||= sup|F(x) — ()]

Definition
A metric space (S, p) is complete if every Cauchy sequence in S
converges to an element in S.



4.1. A General Approach - Mathematical Preliminaries

Definition
A sequence {x,} is a Cauchy sequence if for all ¢ > 0 3N, such
that p(xm, xp) < € for all m,n > N.

Theorem
The set of bounded and continuous functions is complete



4.1.

Example: A set of functions that is not complete

» Let STT be a set of bounded continuous functions that are
strictly increasing

» Consider a sequence

fn(x) =1+

T~ x € [0,1]

» {f,} is a sequence of functions



4.1. Example: A set of functions that is not complete

» {f,} is a Cauchy sequence: for any ¢ > 0,

1 1
P(fm,fn) N le[lopl]“-‘i‘m _1_1+I7X
! 1
B m_l+n|
_ 1
1+ min(m,n) <€

for m, n > N where N, = % —1.
» However,

lim fo(x) =1

n—oo

which is not strictly increasing. Hence ST is not complete.



4.2. Contraction Mapping

Definition
Let (S,p) be a complete metric space. Let T:S — S be an
operator. T is a contraction with modulus € (0,1) if

o(Tf, Tg) < Bo(f,g) any f,ge S

Example
S=R f(x)=a+pBx, B€(0,1).

p(f(x),f(y)) = pla+pBx a+By)
= Bo(x,y).

Example
S is a space of bounded, continuous functions, Tf = «a + Bf.



4.2. Contraction Mapping

Contraction Mapping Theorem

Theorem

If T is a contraction in (S, p) with modulus B, then
i) There is a unique fixed point f* € S, f* = Tf*.
ii) Iterations of T converge to the fixed point:

p(To, £7) < B"o(fo, £7)

for any fy € S, where T"1fy = T(T"fy).



4.2. Contraction Mapping

Blackwell's Sufficient Conditions for a Contraction

Theorem

Let S be a space of bounded functions on X, endowed with a sup
norm. Let T:S — S. If

i) T is monotone: If f(x) < g(x) for all x € X then
Tf(x) < Tg(x) forall x € X.
i) T discounts: For some € (0,1) and any a € Ry,

T(f+a)(x) < Tf(x)+pa Vxe X,

where (f + a)(x) = f(x) + a,
then T is a contraction with modulus B.



4.3. Theorem of the Maximum

» We want to make sure that an operator T maps continuous
functions into continuous functions.

» Assumptions:

2a. T is nonempty (i.e. I'(x) is nonempty for all x € X)
2b. T is compact valued (i.e. T'(x) is compact for all x € X)
2c. T is continuous (?7?)



4.3. Theorem of the Maximum

Continuity of a Correspondence

» Two weaker concepts:

1. upper hemi-continuity: "no dips”
2. lower hemi-continuity: "no spikes”

Definition
A correspondence is continuous if it is both u.h.c. and u.l.c.



4.3. Theorem of the Maximum

Theorem
Let X € R and Y € R™. Define

h(x) = max f(x,y), g(x) = argmaxf(x,y)
y€T(x) yeT(x)

Suppose that f : X X Y — R is continuous and T : X — Y is
nonempty, compact valued and continuous. Then

i) h: X — R is continuous and

i) g : X — Y is upper hemi-continuous and compact valued.



4.4, Bellman Equation Application

» The Bellman Operator:

(Tv)(x) = yrggé)F (x,y) +Bv(y)

Theorem

Let S be the space of bounded and continuous functions with a
sup norm. Suppose that:

i) (A1): F(x,y) is bounded and continuous

o< p<l1

iii) (A2): T is nonempty, compact valued and continuous.

Then the Bellman operator T

i) maps S onto itself,

ii) has a unique fixed point v* € S,

i) | T7vo —v* | < B lvo — vl

iv) The optimal policy correspondence g(x) is compact valued and
u.h.c.



4.4, Bellman Equation Application

Proof.

1. By TOM T maps continuous functions into continuous
functions

2. T is a contraction: (Blackwell):

(monotonicity): obvious

(discounting):

Tva)() = max [F(xy) +B(v-+2)y)

= y?ra();)[F(X'y) + Bv(y) + Bal

— s [Fls) o) +

= Tv(x)+pBa
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