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Random Walks and Unit Roots

I. Evolutionary Economic Time Series


Many economic time series are not stationary, trending upwards such as national income, or following approximate random walks, such as the price of gold. An exception is housing starts. From visual inspection, there is no apparent trend in mean or variance, and no apparent seasonal pattern ( in the deseasonalized series). Most of the variance is attributable to variations with the business cycle. Yet housing starts may be evolutionary and the change in housing starts stationary.
II. Random Walks


How do we distinguish between a first order autoregressive time series with parameter close to one,


y(t) = b y(t-1) + WN(t),

and a random walk, RW(t):


RW(t) = RW(t-1) + WN(t) ?

Note that the random walk is the infinite sum of past white noise shocks,


RW(t) = [1- z]-1 WN(t) = WN(t) + WN(t-1) + WN(t-2) + .....,

where the inverse of the difference operator, ∆-1 = [1- z]-1 , is the summation operator. Distant shocks are weighed no less than the current shock and the random walk has infinite variance. For a finite sample beginning at time zero, at value RW(0), which could be zero, 


RW(t) = RW(0) + WN(1) + WN(2) + .... + WN(t),

and the random walk will have a finite variance. Its estimated autocorrelation function will damp out slowly, comparable to an autoregressive process with parameter close to one, and its partial autocorrelation function will have a peak at lag one, with value near one.


In the regression,


y(t) = b y(t-1) + WN(t),

the OLS estimator of b is biased downward if b is close to one. If b equals one, the difference between the OLS estimator and one vanishes quickly, shrinking like 1/T, and the OLS estimator of the unit root is called superconsistent. So bias is a problem in small samples. Dickey and Fuller have studied the bias and developed Dickey-Fuller tables for a statistic analogous to the t-statistic, but with a different distribution tabulated from simulations. If b is less than one, then the difference between b and one shrinks like 1/√T.


Since we are interested in testing the null hypothesis that b =1, not b=0, the Dickey-Fuller test statistic can be obtained from the regression resulting from subtracting y(t-1) from both sides of the AR(1) process above,


y(t) - y(t-1) = ∆y(t) = (b-1) y(t-1) + WN(t),

so ∆y(t) is regressed on the lagged variable y(t-1). The variance of the OLS estimator of  (b-1) is given by :


ê’ê/(T-1) [X’X]-1  = [ê’ê/(T-1)]/[y(t-1)]2 ,

where ê are the estimated residuals. The Dickey-Fuller statistic for the null hypothesis of a unit root, i.e. that b is one, is:


= [(b-1) - 0]/√ [ê’ê/(T-1)]/[y(t-1)]2 .

The statistic, or Dickey-Fuller statistic for this regression is tabulated and reproduced, for example, in Table A in Enders, and is calculated in E-Views.


An example is the weekly closing price of gold, taken from the Los Angeles Times  beginning with Friday, January 3, 1992 (the date is for the following Monday). A plot of the price is illustrated. 
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The estimated autocorrelation function and partial autocorrelation function are illustrated below. Note the slow decay in the autocorrelations and the spike at lag one in the partial autocorrelation function. The autocorrelation at lag one is 0.978.
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---------------------------------------------------------------------------------------------------------


The regression,


∆PGOLD(t) = (b-1) PGOLD(t-1) + WN(t),

has the following Dickey-Fuller test, and we would accept the null hypothesis of a unit root

---------------------------------------------------------------------------------------------------------

ADF Test Statistic
-0.713386
    1%   Critical Value*
-2.5720



    


5%   Critical Value

-1.9405



    


10% Critical Value

-1.6162

*MacKinnon critical values for rejection of hypothesis of a unit root.





Augmented Dickey-Fuller Test Equation





LS // Dependent Variable is D(GOLD)








Sample: 1/13/92 2/16/98





Included observations: 319 after adjusting endpoints





___________________________________________________





Variable
Coefficient
Std. Error
T-Statistic
Prob.  

____________________________________________________





GOLD(-1)
-0.000488
 0.000684
-0.713386
 0.4761

_____________________________________________________





R-squared

 0.000161
    Mean dependent var
-0.168809

Adjusted R-squared
 0.000161
    S.D. dependent var

 4.456804

S.E. of regression
 4.456446
    Akaike info criterion
 2.991833

Sum squared resid
 6315.450
    Schwartz criterion

 3.003636

Log likelihood

-928.8387
    Durbin-Watson stat

 1.861744

-------------------------------------------------------------------------------------------------------III. Random Walks Around a Level


One possibility is that the price of gold might be a random walk around some level, say the marginal cost of mining an ounce in the United States:


PGOLD(t) = MCUS  + [1 -z]-1 WN(t).

In general,


y(t) = µ + [1 -z]-1 WN(t), 

or 


[y(t) - µ] = [1 -z]-1 WN(t),

and 



[y(t) - µ] = [y(t-1) - µ] + WN(t),  




so deviations from some constant value are a random walk. This can be tested against the alternative that deviations from some constant are a stationary AR(1) process:


[y(t) - µ] = b [y(t-1) - µ] + WN(t),

i.e.



y(t) = (1-b)µ + b y(t-1) + WN(t).


Once again, subtracting y(t-1) from both sides,


∆y(t) = (1-b)µ + (b - 1) y(t-1) + WN(t), 

and we can estimate this regression with OLS and test the Dickey-Fuller statistic, tabulated separately from regressions of ∆y(t) on y(t-1) using an intercept. Returning to the price of gold as an example, the intercept is not significant and we accept the null hypothesis of a unit root. 

---------------------------------------------------------------------------------------------------------

ADF Test Statistic
-0.517498
    1%   Critical Value*
-3.4527



    


5%   Critical Value

-2.8708



    


10% Critical Value

-2.5717

*MacKinnon critical values for rejection of hypothesis of a unit root.





Augmented Dickey-Fuller Test Equation





LS // Dependent Variable is D(GOLD)







Sample: 1/13/92 2/16/98





Included observations: 319 after adjusting endpoints





_____________________________________________________





Variable
Coefficient
Std. Error
T-Statistic
Prob.  

_____________________________________________________





GOLD(-1)
-0.004740
 0.009159
-0.517498
 0.6052

C
 
1.556115
 3.342550
 0.465547
 0.6419

_____________________________________________________





R-squared
 
0.000844
    Mean dependent var
-0.168809

Adjusted R-squared
-0.002308
    S.D. dependent var

 4.456804

S.E. of regression
 4.461944
    Akaike info criterion
  2.997419

Sum squared resid
 6311.135
    Schwartz criterion

 3.021025

Log likelihood

-928.7297
    F-statistic

 
 0.267804

Durbin-Watson stat
 1.855097
    Prob(F-statistic)

 0.605170

-------------------------------------------------------------------------------------------------


IV. Stochastic Trends: Random Walks with Drift



A time series could be a random walk around a deterministic trend:


[y(t) - µ -  t] = [y(t-1) - µ -  (t - 1)] + WN(t),

i.e. the time series could be the sum of a deterministic trend and a random walk:


y(t) =  µ +  t  + [1 -z]-1 WN(t).

An example might be the weekly closing values of the index of Dow-Jones Industrials, DJI(t):


DJI(t) = exp[µ +  t  + [1 -z]-1 WN(t)],

so that the logarithm of this index is the sum of a deterministic trend plus a random walk,


ln DJI(t) = µ +  t  + [1 -z]-1 WN,

and fractional changes are equal to the drift parameter plus white noise:


∆ ln DJI(t)  = + WN(t).


This possibility could be tested against the alternative that deviations from trend are a stationary AR(1) process: 


[y(t) - µ -  t] = b[y(t-1) - µ -  (t - 1)] + WN(t),

or


y(t) = [µ(1 - b) + b] + [(1-b)] t + b y(t-1) + WN(t).

Once again subtracting y(t-1) from both sides, we regress ∆ y(t) on y(t-1) plus an intercept and a time trend:


∆ y(t) = [µ(1 - b) + b] + [(1-b)] t + (b - 1) y(t-1) + WN(t),

and test the Dickey-Fuller tstatistic, tabulated separately, as obtained from regressions of ∆y(t) on y(t-1) using an intercept and a time trend.


We can use the logarithm of the Dow Jones Industrials weekly closings as an example, which begin on Friday, January 3, 1986 ( the date on the data is for the Monday beginning that week). We accept the null hypothesis of a unit root.

---------------------------------------------------------------------------------------------

ADF Test Statistic
-1.892511
    1%   Critical Value*
-3.9771



    


5%   Critical Value

-3.4190



    


10% Critical Value

-3.1437

*MacKinnon critical values for rejection of hypothesis of a unit root.





Augmented Dickey-Fuller Test Equation





LS // Dependent Variable is D(LNDJIWK)








Sample: 1/06/86 2/09/98





Included observations: 632 after adjusting endpoints





_____________________________________________________





Variable

Coefficient
Std. Error
T-Statistic
Prob.  

_____________________________________________________





LNDJIWK(-1)

-0.014376
 0.007596
-1.892511
 0.0589

C
 

0.108149
 0.056241
 1.922955
 0.0549

Trend
 

3.43E-05
 1.72E-05
 1.992200
 0.0468

_____________________________________________________





R-squared

 0.006289
    Mean dependent var
 0.002669

Adjusted R-squared
 0.003129
    S.D. dependent var

 0.020920

S.E. of regression
 0.020887
    Akaike info criterion
-7.732538

Sum squared resid
 0.274407
    Schwartz criterion

-7.711420

Log likelihood
 
1549.713
    F-statistic

 
 1.990265

Durbin-Watson stat
 2.051619
    Prob(F-statistic)

 0.137519

