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I. Diagnostics


A. Variance of the autocorrelations

1. Box and Jenkins, revised edition, give the variance of the estimated autocorrelations, x,x, for an 
autoregressive process of order p, as(see p. 65):




VAR[x,x(u)] =1/n , for u ≥ p+1



Also see Vandaele(1983), p. 107.


2. Similarly, the variance for the partial autocorrelations, x,x, is(see p. 178)




VAR[x,x(u)] =1/n , for u ≥ p+1



Also see Vandaele(1983), p. 109.


B. The Q Statistic



In addition to examining the autocorrelations individually, the adequacy of the model in terms of yielding uncorrelated residuals can be tested by examing the estimated autocorrelations collectively. Box and Jenkins, 

revised edition, give the Box-Pierce Q statistic as(see p. 291):




Q =  nx,x(u)]2, 



summing from lags 1 through K, where Q is distributed Chi 




Square with k-p-q degrees of freedom, n is the number of 




observations, and the process was modeled as ARMA(p,q).



The formula in Vandaele(1983), p. 108, is for the Ljung-Box Q:




Q =  n(n+2)x,x(u)]2/(n-u) .


See the discussion in Ch.6 of Diebold.

II. Autoregressive-Moving Average Processes, ARMA(1,!)


An autoregressive moving average process of order one in autoregressive terms and order one in moving average terms, ARMA(1,1), is defined as:



x(t) = b x(t-1) + e(t) + a e(t-1)


or equivalently as:



[1-bZ]x(t) = [1+aZ]e(t). 

The condition for stationarity is that: -1<b<1, and the condition for invertibility is: -1<a<1, which defines a unit square in this two-dimensional parameter space. This ARMA(1,1) process can be expressed as an infinite moving average process:



x(t) = [1-bZ]-1[1+aZ]e(t),



x(t) = [1 + b Z + b2Z2 +...][1+aZ]e(t)



x(t) = [1 + b Z+ b2Z2 +...+ a Z + a b Z2 + a b2Z3 +...]e(t)



x(t) = [1 + (a +b)Z + (a b +b2)Z2 + (a b2+b3)Z3 +...]e(t)



x(t) = [1 + (a +b)Z + b(a +b)Z2 + b2(a +b)Z3 +...]e(t)



x(t) = e(t) + (a +b)e(t-1) + b(a +b)e(t-2) + b2(a +b)e(t-3) + ...

The mean function is:



m(t) = Ex(t) = 0, 

and the autocovariance at lag zero, E[x(t)x(t)] = x,x(0), is:



x,x(0) = 2 + (a +b)22 + b2(a +b)22 + b4(a +b)22 + ...



x,x(0) = 2[1 + (a +b)2 + b2(a +b)2 + b4(a +b)2 + ...]



x,x(0) = 2[1 + (a +b)2{1 + b2 + b4 + ...}]



x,x(0) = 2[1 + (a +b)2/(1-b2)] = 2[1-b2 + a2 + 2ab + b2]/(1-b2)



x,x(0) = 2[1 + a2 + 2ab]/(1-b2). 

The autocovariance at lag one, E[x(t)x(t-1)] = x,x (1)can be calculated by multiplying the MA(∞) expression for x(t) times x(t-1), obtained by lagging the former, and taking expectations:


x(t) = e(t) + (a +b)e(t-1) + b(a +b)e(t-2) + b2(a +b)e(t-3) + ...


x(t-1) = e(t-1) + (a +b)e(t-2) + b(a +b)e(t-3) + b2(a +b)e(t-4) + ...


E[x(t)x(t-1)] = (a +b)b(a +b)2b3(a +b)2b5(a +b)2


x,x(1) = (a +b)[1 b(a +b) +  b3 (a +b)+ b5(a +b) +...]

x,x(1) = (a +b) [1 b(a +b){1 + b2 + b4 + b6}]


x,x(1) = (a +b) [1 b(a +b)/(1-b2)]


x,x(1) = (a +b) [{1b2 b(a +b)}/(1-b2)]


x,x(1) = (a +b) [1 b a]/(1-b2).

Note that x(t-2) depends only upon e(t-2) and earlier innovations. The autocovariance at lag two can be calculated by multiplying x(t-2) times the ARMA(1,1) expression for x(t), and taking expectations:


E[x(t)x(t-1)] = b E[x(t-1)x(t-2)} + E[x(t-2)e(t)] + a E[x(t-2)e(t-1)]


x,x(2) = bx,x (1).

This recursive expression holds for higher lags:


x,x(u) = b x,x (u - 1)u ≥ 2.

The autocorrelation function can be calculated from the derived autocovariances.

III. Forecasting and Model Selection


The Change in Business Inventories was a quarterly series that was modeled in Lab Exercise #3. One possible model was an autoregressive model of order one.


A. ARONE Model

cbusinv87(1997.4) = 36.58319 +  Res(97.4), 

where the constant has a t-statistic of 5.24, and

Res(97.4) = 0.636816 Res(97.3) + N(1997.4), 

where this slope has a t-statistic of 10.90, and where N(t) is the orthogonal residual.

Note: (1) this is the way the program handles the constant term, (2) note that these time series models are a procedure for specifying the structure of the error term, Res, in this case as an ARONE. These two equations can be combined into one:

[cbusinv87(97.4) – 36.58319] = 0.636816*[cbusinv87(97.3) – 36.58319] +N(97.4)


1. One period ahead forecasts:


This equation can be advanced one period and expectations taken for a one period ahead forecast.

[cbusinv87(98.1) – 36.58319] = 0.636816*[cbusinv87(97.4) – 36.58319] +  N(98.1)

E97.4 [cbusinv87(98.1) – 36.58319] = 0.636816*[cbusinv87(97.4) – 36.58319] + E97.4 N(98.1) 

Forecast = E97.4 [cbusinv87(98.1) – 36.58319] = 0.636816*[cbusinv87(97.4) – 36.58319] ,


where cbusinv87(97.4) = 74.0, so 

Forecast = E97.4 [cbusinv87(98.1) – 36.58319] = 0.636816*[74.0 - 35.72262] = 23.8288

and Forecast = E97.4 cbusinv87(98.1) = 36.58319 + 23.8288 = 60.412

Note: The forecast error= observed - forecast  

The forecast error = [cbusinv87(98.1) – 36.58319] - E95.4 [cbusinv87(97.4) – 36.58319]


The forecast error = N(98.1)


2. Two period ahead forecasts

Advancing by one period for a second time:

[cbusinv87(98.2) – 36.58319] = 0.636816*  [cbusinv87(98.1) – 36.58319] +  N(98.2)


and substituting for the term, [cbusinv87(98.1) – 36.58319], from above,

cbusinv87(98.2) – 36.58319] = 0.636816*{0.636816*[cbusinv87(97.4)-36.58319]+ N(98.1)}+N(98.2), 


cbusinv87(98.2) – 36.58319] = 0.636816*0.636816*[cbusinv87(97.4) – 36.58319]+.636816*N(98.1)+N(98.2),


and the two period ahead expectation is:       


E97.4 [cbusinv87(98.2)-36.58319]=0.636816^2[cbusinv87(97.4) – 36.58319]+ 636816* E97.4 N(98.1)+E97.4 N(98.2)

Forecast = E97.4 [cbusinv87(98.2)-36.58319] = 0.4055*(23.8288) = 9.66


Note: The forecast error= observed - forecast  

The forecast error = [cbusinv87(98.2) – 36.58319] - E97.4 [cbusinv87(98.2) – 36.58319]


The forecast error = 0.636816*N(98.1) + N(98.2)


3. Three period ahead forecasts

Advancing by one period for a third time

[cbusinv87(98.3) – 36.58319] = 0.636816*  [cbusinv87(98.2) – 36.58319] +  N(96.3)


The forecast can be calculated directly

E97.4 [cbusinv87(98.3) – 36.58319] = 0.636816* E97.4 [cbusinv87(98.2) – 36.58319] + E95.4 N(98.3)


where, from above, E97.4 [cbusinv87(98.2) – 36.58319] = 9.66


so forecast = E97.4 [cbusinv87(98.3) – 36.58319] = 0.636816*(9.66) = 6.15.


Note: The forecast approaches the constant. 36.58319, as we forecast more periods into the future.


Table of the Forecast Error

	
	variance of the forecast error
	standard deviation of the forecast error

	one period ahead
	
	1*33.5

	two periods ahead 
	[1+(0.637)2]
	1.185*33.5

	three periods ahead
	[1+(0.637)2 +(0.405)2
	1.252*33.5



where is the standard error of the regression, 33.5.


B. The ARMA(1,3) Model


cbusinv87(1997.4) = 36.51 + Res(95.4),




           (t=4.71)


where Res(97.4) = 0.620*Res(97.3) + N(97.4) + 0.180*N(97.1)






       (t=9.74)


       (t=2.24)


These two equations can be combined into one:

[cbusinv87(97.4) - 36.51] = 0.620*[cbusinv87(97.3) - 36.51] + N(97.4) +  0.180*N(97.1)


C. Model Comparison and Selection

Table of Selection Criteria

	
	SSR
	SER
	AKAIKE
	SCHWARTZ

	ARONE
	194,812
	33.50
	9.872
	9.909

	ARMA(1,3)
	188,716
	33.12
	9.855
	9.909


