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Lecture Eight  


I. Forecasting


A. For an AR(1) process,



x(t) = b1x(t-1) + e(t), 


1. a one period ahead forecast, xf(t), as of time t-1 is:



xf(t) = Et-1x(t) = b1x(t-1).


a. The error in this forecast is the difference between the 
    

observed value and the forecast:



forecast error = observed value -  forecast value



forecast error = x(t) - xf(t)



forecast error = b1x(t-1) + e(t) - b1x(t-1) 



forecast error= e(t). 


b. The variance of the forecast error is:



variance of the forecast error = var e(t) = 2.


2. A two period ahead forecast as of time t-1 is:




xf(t+1) = Et-1x(t+1).



Note that,




x(t+1) = b1x(t) + e(t+1) = b1[b1x(t-1) + e(t)] + e(t+1),



and




Et-1x(t+1) =  b12x(t-1).


a. Once again, the error in this forecast is the difference 

between the observed value and the forecast:



forecast error = observed value -  forecast value



forecast error = x(t+1) - xf(t+1)



forecast error = b12x(t-1) + b1e(t) + e(t+1)- b12x(t-1) 



forecast error= b1e(t) + e(t+1). 


b. The variance of the forecast error is:




variance of the forecast error = var [b1e(t) + e(t+1)] 




variance of the forecast error = b12 2 + 2 = [1+ b12] 2 .


B. For an MA(1) process,





x(t) = a1e(t-1) + e(t),


1. a one period ahead forecast, xf(t), as of time t-1 is:



xf(t) = Et-1x(t) = a1e(t-1).


a. The error in this forecast is the difference between the 
    

observed value and the forecast:



forecast error = observed value -  forecast value



forecast error = x(t) - xf(t)



forecast error = a1e(t-1) + e(t) - a1e(t-1) 



forecast error= e(t).


b. The variance of the forecast error is:



variance of the forecast error = var e(t) = 2.


2. A two period ahead forecast as of time t-1 is:




xf(t+1) = Et-1x(t+1).



Note that,




x(t+1) = a1e(t) + e(t+1),



and




Et-1x(t+1) =  0.


a. Once again, the error in this forecast is the difference 

between the observed value and the forecast:



forecast error = observed value -  forecast value



forecast error = x(t+1) - xf(t+1)



forecast error = a1e(t) + e(t+1) - 0 



forecast error= a1e(t) + e(t+1). 


b. The variance of the forecast error is:




variance of the forecast error = var [a1e(t) + e(t+1)] 




variance of the forecast error = a12 2 + 2 = [1+ a12] 2 .


C. Calculating Errors for an MA(1)





x(t) = a1e(t-1) + e(t),



or:





e(t) = x(t) - a1e(t-1), 



and letting e(0) equal zero as an initial condition:





e(1) = x(1),





e(2) = x(2) - a1e(1),





e(3) = x(3) - a1e(2),





etc.

II. The Partial Autocorrelation Function for an MA(1)


A moving average process of the first order,



x(t) = e(t) + a1 e(t-1) = [1+a1Z] e(t),

can be inverted and expressed as an infinite autoregressive process:



[1+a1Z]-1x(t) = e(t), 

or



[1 - a1Z + a12Z2 - a13Z3 + a14Z4 + ...] x(t) = e(t),


x(t) = a1x(t-1) - a12x(t-2) + a13x(t-3) - a14x(t-4) + ... +  e(t).

Recall that the autocorrelation function at lag one, ACF(1), for an MA(1) was a1/(1 + a12) which will be the value of the partial autocorrelation function at lag one, PACF(1). From the formula expressed as an infinite autoregressive process above,the partial autocorrelation at lag two, PACF(2), will be  -a12/(1 + a12)2, the partial autocorrelation at lag three, PACF(3), will be a13/(1 + a12)3 etc. If the coefficient a1 is negative, then the partial autocorrelation function will have negative values that decay  towards zero with lag.

III. Moving Average Processes of Order Two, MA(2).


A moving average process of order two has the following specification:



x(t) = e(t) + a1e(t-1) + a2e(t-2), 

with mean funxtion, m(t), equal zero, and autocovariance at lag zero,

x,x(0) = E[x(t)x(t)] = E[e(t) + a1e(t-1) + a2e(t-2)][e(t) + a1e(t-1) + a2e(t-2)]

x,x(0) = + a12a22[a12 + a22] 

The autocovariance at lag one is:

x,x(1) = E[x(t)x(t-1)] = E[e(t) + a1e(t-1) + a2e(t-2)][e(t-1) + a1e(t-2) + a2e(t-3)]

x,x(1) = a1a1a2 = [a1a1a2] 

The autocovariance at lag two is:

x,x(2) = E[x(t)x(t-2)] = E[e(t) + a1e(t-1) + a2e(t-2)][e(t-2) + a1e(t-3) + a2e(t-4)]

x,x(2) = a2 

The autocovariances at higher lags are zero. The values of the autocorrelation function at lags one and two are:

x,x(1) = [a1a1a2]/[a12 + a22],

x,x(2) = a2/[a12 + a22], 

and

x,x(u) = 0, u≥3.

