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Lecture Seven  


I. Summary: Autoregressive and Moving Average Processes to Date


A. Definition



1. AR(1) : x(t) = b1x(t-1) + e(t)



2. AR(2) : x(t) = b1x(t-1) + b2x(t-2) + e(t)



3. AR(p) : x(t) = bixi(t-i) + e(t)



4. MA(1) : x(t) = e(t) + a1e(t-1) 



5. MA(2) : x(t) = e(t) + a1e(t-1) + a2e(t-2)



6. MA(q) : x(t) = e(t) +aie(t-i)


B. Derivation of the Autocorrelation Function, ACF



1. AR(1) : x,x(1) = b1, x,x (u) = b1u


2. AR(2) : x,x(1) = b1/(1-b2), x,x (u) = b1x,x (u - 1)  + b2x,x (u -2),u≥2.



3. MA(1) : x,x(1) = a1/(1+a12), x,x (u) = 0, u≥2.



4. MA(2) : x,x(1) = (a1+a1a2)/(1+a12+a22), x,x (2) = a2/(1+a12+a22),





x,x(u) = 0, u≥3.


C. Derivation of the Partial Autocorrelation Function, PACF



1. AR(1) : PACF(1) = ACF(1)



2. AR(2) : PACF(2) = [ACF(2) - ACF(1)2]/[1-ACF(1)2]

II. Summary: Empirical Methods


A. Examination for non-stationarity (time-dependence)



1. data



2. plot or trace of the series



3. Estimated ACF and PACF


B. Pre-whitening



1. trend in variance: logarithmic transformation



2. trend in mean: simple difference



3. seasonal pattern: seasonal difference


C. Specification of Model: Type and Order



1. AR(1): PACF, spike at lag one



2. AR(2): PACF, spikes at lags one and/or two



3. MA(1): ACF, spike at lag one



4. MA(2): ACF, spikes at lags one and/or two


D. Estimation of the model parameters


E. Diagnosis of the Residuals



1. ACF of the residuals




a. standard error of the autocorrelations




b. Q statistic and 2test


F. Using the Estimated Model to Forecast

III. Autoregressive Processes of Order Two, Continued 


A. Autocorrelations


From the infinite moving average representation of the AR(2) process,


x(t) = e(t) + b1e(t-1) + [b12 +b2] e(t-2) + {b1[b12 +b2] + b1b2} e(t-3) + ...

as developed in Lecture Six, taking expectations, it is clear that the mean function of the AR(2) is zero:



m(t) = E x(t) = 0.

Furthermore, lagging x(t) by one:

x(t-1) = e(t-1) + b1e(t-2) + [b12 +b2] e(t-3) + {b1[b12 +b2] + b1b2} e(t-4) + ...,

it is clear that x(t-1) does not depend upon e(t), only upon earlier observations such as e(t-1) etc., hence the covariance between x(t-1) and e(t) is zero. The autocovariance function at lag one is:


x,x(1) = E[x(t)x(t-1)] = b1E[x(t-1)]2 +b2E[x(t-2)x(t-1)]+E[e(t)x(t-1)]

or 




x,x(1) = b1x,x(0) + b2x,x(1) + 0,

and dividing by x,x (0) we obtain:



x,x(1) = b1 x,x (0)  + b2x,x(1)

and solving for x,x (1) yields,



x,x(1) = b1/(1 - b2).

Note that consequently if we specify an AR(2) process,



x(t) = b1x(t-1) + b2x(t-2) + e(t),

with known parameters b1 and b2 , then we can derive the value of x,x (1), i.e. it is possible to map from the parameters to the autocorrelation function. The autocovariance function at lag two can be derived in a similar fashion using the definition and taking expectations:


x,x(2) = E[x(t)x(t-2)] = b1E[x(t-1)x(t-2)] +b2E[x(t-2)]2+E[e(t)x(t-2)]

or 




x,x(2) = b1 x,x (1)  + b2 x,x (0)  + 0,

and dividing by x,x (0),  we obtain:



x,x(2) = b1 x,x (1)   + b2x,x (0)

and substituting for x,x (1)   from above,



x,x(2) = b12/(1 - b2)] + b2, 

so once again we have an expression for the autocorrelation function in terms of the autoregressive parameters.


There is a recursive structure in the expression for the autocovariance and autocorrelation functions which becomes apparent from calculating the autocovariance at lag three:


x,x(3) = E[x(t)x(t-3)] = b1E[x(t-1)x(t-3)] +b2E[x(t-2)x(t-3)]+E[e(t)x(t-3)]

or



x,x(3) = b1 x,x (2)    + b2 x,x (1)  + 0,

and dividing by x,x(0), we obtain:



x,x(3) = b1 x,x (2)  + b2x,x (1)

so that from x,x (1)  and x,x (2)  we can calculate x,x (3).  In general for an AR(2):



x,x(u) = b1 x,x (u-1)  + b2 x,x (u-2)  u≥2.


B. The Yule-Kendall Equations


The two equations determining the first two autocorrelations at lags one and two for an AR(2) are from above:



x,x(1) = b1 x,x (0)  + b2 x,x (-1)



x,x(2) = b1 x,x (1)  + b2 x,x (0)

and are referred to as the Yule-Kendall equations. Recall that for an AR(1) the Yule-Kendall equation was:



x,x(1) = b1 x,x(0)

and that once again this had a recursive structure with



x,x(u) = b1 x,x(u-1)  , u≥1.


If we were to look at an AR(3),



x(t) = b1x(t-1) + b2x(t-2) + b3x(t-3) + e(t),

we could follow a similar procedure as for the AR(1) and AR(2) and derive three Yule-Kendall equations relating the three autocorrelations at lags one, two, and three to the three parameters b1, b2 and b3. As the order of the AR process becomes higher it becomes more tedious to derive the Yule-Kendall equations, but the principles remain the same.


C. Partial Autocorrelations


For an AR(1),



x(t) = b1x(t-1) + e(t),

the change in the process for a change one period ago is:



∂x(t)/∂x(t-1) = b1, 

and from the Yule-Kendall equation for an AR(1) the estimate for b1 is:



b1 = x,x(1) = PACF(1), 

i.e. the estimate of the partial autocorrelation at lag one.


For an AR(2),



x(t) = b1x(t-1) + b2x(t-2) + e(t),

the change in the process for a change two periods ago is:



∂x(t)/∂x(t-2) = b2,

and from the Yule-Kendall equations for an AR(2) the estimate for b2 is:



b2 = x,x(2) - b1[x,x(1)]2,

and the estimate for b1 is:



b1 = x,x(1)(1-b2),

and substituting for b1 and solving for b2, the estimate is:



b2 = {x,x(2) - [x,x(1)]2 }/{1- [x,x(1)]2 } = PACF(2),

i.e. the estimate of the partial autocorrelation at lag two. Note that if the time series is an AR(1), then



x,x(2) = [x,x(1) ] 2,

and the partial autocorrelation function at lag two will be zero, so that the number of non-zero estimates of the partial autocorrelation function will indicate the order of the autoregressive process.


D. Cycles with AR(2) Processes



Both the process,





x(t) = b1x(t-1) + b2x(t-2) + e(t),

and its autocovariance function,





x,x(2) = b1 x,x (1)  + b2 x,x (0) ,

are second order difference equations, and substituting x2 for x,x(2)   and x for x,x(1),

we have:





x2 = b1x + b2,

or





x2 - b1x - b2 = 0,

with roots:





x= {-b1 + √(b12 + 4 b2)}1/2,

and





x= {-b1 - √(b12 + 4 b2)}1/2,

which will have imaginary components if:





(b12 + 4 b2)<0.

For example, suppose b1 is zero, then if b2< 0, the AR(2) process will have cycles.



Suppose we simulate the process:





x(t) = -0.8 x(t-2) + e(t),

»

CREATE U 100 

»

Genr wn = nrnd

»

Smpl 1 2

»

Genr artwo = wn

»

Smpl 3 100

»

Genr artwo = -0.8*ARTWO(-2) + WN 

»

Smpl 1 100

»

PLOT  (A) ARTWO 

»

IDENT  (20) ARTWO 

»

LS  (R) ARTWO  C ar(2)

»

IDENT  (10) resid

The trace and the autocorrelation of this simulated process clearly reveal its cyclical nature:
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Trace of an AR(2): ARTWO = -0.8 ARTWO(-2) + WN


IDENT ARTWO                               

SMPL range:    1  -   100 

Sample endpoints adjusted to exclude missing data

Number of observations: 100

________________________________________________________________

          Autocorrelations        Partial Autocorrelations        ac     pac

________________________________________________________________

          

.  °  .                         
|          .  °  .           |  1 -0.012 -0.012
***********  .          

|   ***********  .          |  



2 -0.856 -0.856

          

.  °  .                         
|          .  °  .           |  3  0.035  0.027

          

.  ° **********       
|          .  ° *.          | 

 4  0.751  0.073

          

.  *  .                        
|          .  °  .           |  
5 -0.042  0.036

   
*********  .                

|          .  *  .           |  
6 -0.675 -0.069

          

.  °  .                         
|          .  *  .           |  7  0.019 -0.113

          

.  ° ********           
|          .  *  .           |  
8  0.585 -0.075

          

.  °  .                         
|          .  *  .           |  9 -0.028 -0.080

      

******  .                   

|          .  ° *.           | 10 -0.482  0.114

          

.  ° *.                        
|          .  ° **          | 

11  0.071  0.159

          

.  ° *****                 
|          .  °  .             | 
12  0.395 -0.024

          

. **  .                        
|          .***  .          | 

13 -0.144 -0.237

          
****  .                      

|          .  °  .             | 
14 -0.306  0.012

          

.  ° **                       
|          .  °  .             | 
15  0.180  0.000

          

.  ° ***                     
|          .  *  .             | 
16  0.206 -0.039

          
.***  .                       

|          .  °  .              | 
17 -0.219 -0.026

          
. **  .                        

|          .  *  .              | 
18 -0.144 -0.073

          

.  ° ***                     
|          .  *  .              | 
19  0.235 -0.095

          

.  ° *.                        
|          . **  .             | 
20  0.072 -0.148

________________________________________________________________

 Q-Statistic (20 lags)  280.932                    S.E. of Correlations  0.100

______________________________________________________________________

