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Lecture Six  


I. Moving Average Processes of Order One


A moving average process of order one, MA(1), has the following structure:



x(t) = e(t) + a e(t-1), 

where e(t) is white noise. If a is zero then we have white noise or a moving average process of order zero, MA(0). Using the lag operator, we can express the MA(1) process as:



x(t) = [1 + a Z] e(t),

so the filter, [1 + a Z], converts white noise into an MA(1) series. Multiplying through by the inverse, [1 + a Z]-1, 



[1 + a Z]-1x(t) = e(t), 

that is, the filter, [1 + a Z]-1, converts an MA(1) process into white noise. The inverse of [1 + a Z] can be expressed as:



[1 + a Z]-1 = [1 -(-a) Z]-1 = [1-aZ +a2Z2-a3Z3+...], 

which can be confirmed by multiplying [1 + a Z] by [1-aZ +a2Z2-a3Z3+...] to obtain one. Thus an MA(1) can be expressed equivalently as an infinite autoregressive process, AR(∞):



[1-aZ +a2Z2-a3Z3+...] x(t) =e(t).

Recall from lecture five that a first order autoregressive process could be expressed as an infinite moving average process. This suggests that by combining a low order autoregressive structure with a low order moving average structure, it would be possible to approximate complicated time series with a model based on only a few parameters. This is the logic underlying autoregressive-moving average models, a topic to which we shall return. 


From the representation of a first order moving average process as an autoregressive process of infinite order, we can see that the process will have a sequence of weights: a, a2, a3 that decrease in absolute value if the parameter, a, lies between minus and plus one. Such a process is said to be invertible.
The mean function of the first order moving average process is:



m(t) = E x(t) = E[e(t) + ae(t-1)] = 0,

and the autocovariance at lag zero is:



x,x(0) = E[x(t)x(t)] = E{[e(t) + ae(t-1)][e(t) + ae(t-1)]}


= 2 + a2 2  = (1+a2) 2,

so the variance of an MA(1) is finite if a is finite. The autocovariance at lag one is:


x,x(1) = E[x(t)x(t-1)] = E{[e(t) + ae(t-1)][e(t-1) + ae(t-2)]}



= a 2 , 

and the autocovariance at higher lags is zero. Thus a moving average process has a simple and highly distinctive autocorrelation function with nonzero values at lags up to the number of the order of the process:


x,x(1) = a/(1+a2).

We plot the autocorrelation function for two first order moving average processes with parameter, a, equal to 0.9 and -0.9, respectively:
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Using Monte Carlo techniques, we can create moving average processes on TSP (or Eviews with a workfile of 100 observations):

CREATE U 100 

»

Genr wn = nrnd

»

Smpl 1 1

»

Genr maone = WN 

»

Smpl 2 100

»

Genr maone = WN + 0.9*WN(-1)

»

Smpl 1 100

The estimated autocorrelation function is displayed at the top of page 3, and the estimated MA(1) model follows. Then a plot of the simulated series, the estimated or fitted series, and the estimated residuals are illustrated below along with a scatter plot of the residuals against the white noise input.

IDENT MAONE

SMPL range:    1  -   100 

Number of observations: 100

__________________________________________________________

          Autocorrelations        Partial Autocorrelations        ac     pac

__________________________________________________________

          .  ° *****           |          .  ° *****        

|  1  0.422  0.422

          .  *  .                   |          ****  .            

|  2 -0.067 -0.298

          .  ° *.                  |          .  ° ****          

|  3  0.064  0.302

          .  °  .                   |          .***  .              

|  4  0.038 -0.238

          . **  .                  |          .  °  .                

|  5 -0.122  0.030

          .  *  .                   |          .  °  .                

|  6 -0.048  0.001

          .  ° *.                   |          .  ° *.               

|  7  0.108  0.111

          .  °  .                    |          .  *  .               

|  8  0.032 -0.094

          .  *  .                   |          .  °  .                

|  9 -0.060  0.030

          .  *  .                   |          . **  .              

| 10 -0.070 -0.139

__________________________________________________________

 Q-Statistic (10 lags)   22.598                    S.E. of Correlations  0.100

__________________________________________________________

==================================================================

Iteration 1

 MA(1)   0.4219189

 SSR      98.385447

Iteration 2

 MA(1)   0.5789099

 SSR      90.730823

Iteration 3

 MA(1)   0.7863146

 SSR      83.922150

Iteration 4

 MA(1)   0.8622533

 SSR      82.060860

Iteration 5

 MA(1)   0.9115703

 SSR      80.918968

Iteration 6

 MA(1)   0.9404111

 SSR      80.329591

Iteration 7

 MA(1)   0.9572621

 SSR      80.026004

Iteration 8

 MA(1)   0.9697439

 SSR      79.808299

Iteration 9

 MA(1)   0.9809814

 SSR      79.589751

Iteration 10

 MA(1)   0.9908704

 SSR      79.446877

Iteration 11

 MA(1)   0.9878942

 SSR      79.457260

Iteration 11 squeeze number  1

 MA(1)   0.9879226

 SSR      79.456904

Iteration 11 squeeze number  2

 MA(1)   0.9881799

 SSR      79.453795

Iteration 11 squeeze number  3

 MA(1)   0.9894337

 SSR      79.443660

LS // Dependent Variable is MAONE

SMPL range:    1  -   100 

Number of observations: 100

Convergence achieved after 11 iterations

__________________________________________________________

     VARIABLE   COEFFICIENT  STD. ERROR     T-STAT.  2-TAIL SIG.

__________________________________________________________

        C        0.0389724    0.0900363    0.4328523    0.666   

      MA(1)      0.9894337    0.0113130    87.459719    0.000   

__________________________________________________________

R-squared             0.395798    Mean of dependent     0.032042

Adjusted R-squared    0.389633    S.D. of dependent     1.152447

S.E. of regression    0.900361    Sum of squared resid  79.44366

Durbin-Watson stat    2.290647    F-statistic           64.19741

Log likelihood       -130.3877

__________________________________________________________
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II. Autoregressive Processes of Order Two


An autoregressive process of order two, AR(2), depends upon two lagged terms:



x(t) = b1x(t-1) + b2x(t-2) + e(t), 

where e(t) is the white noise input. Using the lag operator, equivalently:



[1- b1Z-b2Z2] x(t) = e(t),

where the filter, [1- b1Z-b2Z2], converts this AR(2) process into white noise. Multiplying both sides of the equation by the inverse, [1- b1Z-b2Z2]-1,



x(t) = [1- b1Z-b2Z2]-1e(t),

i.e. the filter, [1- b1Z-b2Z2]-1, converts white noise into an AR(2). The inverse can be expressed as:



[1- b1Z-b2Z2]-1 = [1+ 1Z23Z3 + ...] .

The coefficients 123etc. can be solved from this equation by noting that 



[1- b1Z-b2Z2]* [1+ 1Z23Z3 + ...]  = 1,

or multiplying the two polynomials in the lag operator and collecting terms:


1 + (b1)Z + (b1b2)Z2 + (b1b2Z3 + ... = 1,

so



b1



b1b2



b1b2
and , noting the recursive structure, where the coefficient on Z0 is one, i.e :



nb1n-1b2n-2 .

Thus, the AR(2) can be expressed as:


x(t) = e(t) + b1e(t-1) + [b12 +b2] e(t-2) + {b1[b12 +b2] + b1b2} e(t-3) + ...

and,


Var x(t) = Var e(t) (1+ b12 + [b12 +b2]2 + {b1[b12 +b2] + b1b2}2 + ... ) .

Note, if b2 equals zero, then Var x(t) will be infinite if b1 is plus one or minus one, setting limits on b1 for that value of b2. If b1 equals zero, then


Var x(t) = Var e(t) (1 + b22 + b24 + ...), 

and the Var x(t) will be infinite if b2 is plus one or minus one, setting limits on b2 for that value of b1. These limits are plotted in b1, b2 parameter space below.
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Heavy solid lines connect three of the four limit points in the diagram and dotted lines are extended until they intersect with the horizontal dotted line through the fourth limit point. This triangle defines the boundaries of stable values for the two parameters b1and b2.

