4-14-2009
Lecture Five  


I. First Order Autoregressive Processes


First order autoregressive processes, AR(1), have a structure similar to random walks:



AR(t) = b*AR(t-1) + e(t) .

If the coefficient, b, equals one we have a random walk. If b is greater than one the process is also evolutionary. If b is positive and less than one there is a positive dependence on the past but the process is stationary. Many economic series are characterized with a positive autoregressive structure. If b equals zero, we have a process of order zero, i.e. white noise. If b is between minus one and zero the process depends negatively on the past but is covariance stationary. If b is algebraically less than one, the process is evolutionary. The following plot shows three evolutionary autoregressive processes for values of b of 1.5, 1, and -1.5, respectively.
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Three Evolutionary First OrderAutoregressive  

Processes



Using the lag operator, an autoregressive process can be expressed as:



[1-bZ] AR(t) = e(t), 

so that {1-bZ] is the filter that converts a first order autoregressive process to white noise. Multiplying both sides by the inverse of this filter:



[1-bZ]-1[1-bZ] AR(t) = AR(t) = [1-bZ]-1e(t) , 

or:



AR(t) = [1 + bZ + b2Z2 + b3Z3 + ...] e(t) = e(t) + bZe(t) + b2Z2e(t) ...,



AR(t) = e(t) + be(t-1) + b2e(t-2) + b3e(t-3) ... .


The mean function of this autoregressive process is:


m(t) = E[AR(t)] = Ee(t) + bEe(t-1) + b2Ee(t-2) + b3Ee(t-3) ...  = 0, 

and the autocovariance function at lag zero is:


AR,ARE{[e(t) + be(t-1) + b2e(t-2) ...][e(t) + be(t-1) + b2e(t-2)...]}



= b2+ b4+ ... = /(1-b2


If we lag the autoregressive process by one period, 



AR(t-1) = e(t-1) + be(t-2) + b2e(t-3) + b3e(t-4) ... ,

we see that it depends upon past values of the white noise series and if the parameter b is less than one in absolute value, the influence of the past will fade. The autocorrelation at lag one can be calculated from:


AR,AR(1)E[AR(t) AR(t-1)] =E{AR(t-1)][ b*AR(t-1) + e(t)]}



= b*E[AR(t-1) AR(t-1)] = b*AR.AR (0),

so that the autocorrelation function at lag one is b:


AR,AR(1) = b.

Recall from above that AR(t-1) did not depend upon e(t) so that the covariance of AR(t-1) and e(t) is zero. Similarly, the autocovariance at lag two is:


AR,AR(2)E[AR(t) AR(t-2)] =E{AR(t-2)][ b*AR(t-1) + e(t)]}



= b*E[AR(t-2) AR(t-1)] = = b*E[AR(t-1) AR(t)] = b*AR.AR (1)


= b2*AR,AR(0) ,

and the autocorrelation function at lag two is b2,


AR,AR(2) = b2, 

and in general:


AR,AR(u) = bu, for all u≥0, 

so that the autocorrelation function will decay with lag. Two examples for the parameter b equal to positive and negative 0.9 are illustrated below.
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An autoregressive process with a positive coefficient approaching one will have an autocorrelation function that is difficult to distinguish from the autocorrelation function of a random walk sample or a trended sample.


If we use Monte Carlo techniques to create an autoregressive process of 100 observations from a white noise process, we can use an approach similar to the one we used to generate a random walk. We set the AR process for the first observation equal to the first observation of white noise and then use the following expression for the second observation:



AR(2) = 0.7 AR(1) + WN(2) , 

and so forth for the remaining observations. The trace of such a simulated process is plotted:
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Simulated First Order Autoregressive Process: ARONE(t) = 0.7 ARONE(t-1) + WN(t)

 


The estimated autocorrelation function for this simulated sample is displayed at the top of page 5. As we derived above, the value of the autocorrelation function at lag one is an estimate of the parameter b for the first order autoregressive process. Because of the relative small sample size, the estimate of 0.463 is considerably below the expected value of 0.7. The model can also be estimated using the command  menu in TSP and choosing the time series  option and then selecting ARMA estimation  and using the LS  command:



LS  (R) ARONE  C ARONE(-1) ,

we obtain the model estimates displayed on the bottom of this page. 

IDENT ARONE

SMPL range:    1  -   100 

Number of observations: 100

____________________________________________________________

          Autocorrelations        Partial Autocorrelations        ac     pac

____________________________________________________________

          .  ° ******          |          .  ° ******       |  1  0.463  0.463

          .  ° ***                |          .  °  .                 |  2  0.201 -0.016

          .  ° **                  |          .  ° *.                |  3  0.122  0.045

          .  ° *.                   |          .  °  .                 |  4  0.046 -0.032

          .  ° *.                   |          .  ° *.                |  5  0.050  0.045

          .  °  .                    |          .  *  .                 |  6 -0.010 -0.064

          .  *  .                   |          .  *  .                 |  7 -0.096 -0.091

          . **  .                  |          .  *  .                 |  8 -0.168 -0.113

          ****  .                |          .***  .               |  9 -0.320 -0.241

          .***  .                 |          .  °  .                  | 10 -0.229  0.030

____________________________________________________________

 Q-Statistic (10 lags)   46.685                    S.E. of Correlations  0.100

____________________________________________________________

====================================================================

LS // Dependent Variable is ARONE

SMPL range:    2  -   100 

Sample endpoints adjusted to exclude missing data

Number of observations: 99

____________________________________________________________

     VARIABLE   COEFFICIENT  STD. ERROR     T-STAT.  2-TAIL SIG.

____________________________________________________________

        C        0.1670034    0.1082534    1.5427088    0.127   

    ARONE(-1)    0.4633409    0.0897108    5.1648303    0.000   

____________________________________________________________

R-squared             0.215689    Mean of dependent     0.315322

Adjusted R-squared    0.207604    S.D. of dependent     1.166655

S.E. of regression    1.038517    Sum of squared resid  104.6163

Durbin-Watson stat    1.993228    F-statistic           26.67547

Log likelihood       -143.2063

____________________________________________________________

Note that the estimate of the coefficient on ARONE(-1) is the same as we obtained from the estimated autocorrelation function. A plot of the simulated observations, the values fitted from the estimated model, and the estimated residuals are shown below:
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The autocorrelogram of the residuals is displayed on page 8. These residuals look white. A histogram of the residuals reveals an approximately bell shaped distribution. One could go on and calculate their observed distribution function to check further for the expected normality. A scatter plot of the estimated residuals against the observations of the simulated white noise series shows that the first order autoregressive model approximately recovers the original white noise input.
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Scatter Plot of Residuals from AR(1) Model, b=0.7, Against White Noise Input


IDENT RESID

Date: 9/23/94 / Time: 2:12 

SMPL range:    2  -   100 

Sample endpoints adjusted to exclude missing data

Number of observations: 99

____________________________________________________________

          Autocorrelations        Partial Autocorrelations        ac     pac

____________________________________________________________

          .  °  .                 |          .  °  .              |  1  0.001  0.001

          .  *  .                 |          .  *  .             |  2 -0.039 -0.039

          .  °  .                 |          .  °  .              |  3  0.030  0.030

          .  °  .                 |          .  °  .              |  4 -0.027 -0.028

          .  ° *.                |          .  ° *.             |  5  0.065  0.068

          .  °  .                 |          .  °  .              |  6  0.023  0.019

          .  *  .                |          .  *  .              |  7 -0.046 -0.040

          .  °  .                 |          .  °  .              |  8 -0.013 -0.016

          .***  .              |          .***  .            |  9 -0.251 -0.254

          . **  .               |          . **  .             | 10 -0.145 -0.157

____________________________________________________________

 Q-Statistic (10 lags)    9.315                    S.E. of Correlations  0.101

____________________________________________________________



