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Lecture Four 


I. Random Walk


A random walk, RW(t),  is the sum of the current and past observations of a white noise process, e(t) which we can assume for convenience has mean zero and variance one:



RW(t) = e(t) + e(t-1) + e(t-2) + e(t-3) + ... .

The mean function for this random walk is:



E[RW(t)] = E e(t) + E e(t-1) + E e(t-2) + ... = 0.

The variance or autocovariance at lag zero is:


RW,RW(0) = E[[e(t) + e(t-1) + e(t-2) ...]*[e(t) + e(t-1) + e(t-2) ...]}



      = + ∞ ,

noting that the expectation of cross-product terms such as E[e(t)*e(t-1)] are zero because of independence. Since the variance of a random walk is infinite it is clearly evolutionary. Although time series of prices often are approximated by a simple random walk model, prices are usually bounded below at zero and may practically be bounded above as well, so the random walk model is a simple abstraction of the actual behavior of prices. 


If the random walk series is lagged one period:



RW(t-1) = e(t-1) + e(t-2) + e(t-3) + e(t-4) + ... , 

and subtracting RW(t-1) from RW(t), or differencing RW(t):



RW(t) - RW(t-1) = ∆ RW(t) = e(t),

i.e. the first difference of a random walk is white noise. Thus differencing this evolutionary time series yields a stationary time series. The difference operator or filter converts a random walk to white noise. This is illustrated schematically in the following diagram:
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Conversely, the inverse transform converts white noise into a random walk:



∆-1∆ RW(t) = RW(t) = ∆-1e(t) = (1/∆)* e(t)

which we also illustrate schematically:
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As we might suspect, the inverse of a differencing operation is summation, and indeed as we saw at the beginning, a random walk was the summation of current and past observations of a white noise series. 


These filtering operations can be represented algebraically using the lag operator, Z, where we define:



Zn x(t) = x(t-n).

Thus we can write the difference in a random walk as:


∆ RW(t) = RW(t) - RW(t-1) = RW(t) - ZRW(t) = [1-Z]RW(t) = e(t),

and multiplying through by the inverse,



[1-Z]-1[1-Z]RW(t) = RW(t) = [1-Z]-1e(t),

Similarly, the expression for a random walk as a sum of white noise can be expressed in lag operator form as: 


RW(t) = e(t) + e(t-1) + e(t-2) + ... = [1 + Z + Z2 + Z3 + ...] e(t).

From the last two expressions:



[1-Z]-1 = 1/[1-Z] = [1 + Z + Z2 + Z3 + ...],

must be true, which can be verified by checking that the product



[1-Z]*[1 + Z + Z2 + Z3 + ...] = 1. 

Thus, indeed, the inverse of the difference operator is the summation operator.


We can use Monte Carlo or simulation techniques to create ten observations of a random walk. The commands using Eviews are: 

Open Eviews


Object Menu: New


Workfile Object: “Random Walk”




Frequency: • undated




observations: 1 10



Workfile Menu: GENR



“WN=NRND”



Workfile Menu: GENR



“RW=WN”





sample 1 1



Workfile Menu: GENR




“RW=RW(-1)+WN”




sample 2 10



Workfile Window: Select RW WN



Workfile Menu: VIEW: • open selection; you will see the 








spreadsheet view(see p.5 below)




Group Window: VIEW: • graph(see p.6 below)



Workfile Window: Select RW



Workfile Menu: VIEW: • open selection




Group Window: VIEW: • histogram and stats




Group Window: VIEW: • correlogram





level, 20 lags(see p. 7 below for 100 observations)




Group Window: VIEW: • correlogram





first difference, 20 lags

------------------------------------------------------------------TSP uses the following program or sequence of commands:

»

CREATE U 10 

»

Genr WN = nrnd

»

Smpl 1 1

»

Genr RW = WN

»

Smpl 2 10

»

Genr RW = RW(-1) + WN 


The logic is to create ten observations of white noise and then initiate the random walk as the first observation of white noise and then to construct succeeding observations of the random walk as equal to the previous period's value of the random walk plus the current value of white noise utilizing the difference equation for the random walk, i.e. 



RW(t) - RW(t-1) = e(t), 

where:



RW(1) = WN(1),

and 



RW(2) = RW(1) + WN(2)

etc. 


The following data table from TSP shows the ten observations of white noise and random walk :

	A Random Walk Created From White Noise

	Observation
	White Noise
	Random Walk

	1
	 1.419909
	 1.419909

	2
	 0.355291
	 1.775200

	3
	 1.775525
	 3.550725

	4
	 0.556825
	 4.107550

	5
	 1.115396
	 5.222946

	6
	-1.044164
	 4.178782

	7
	 1.111513
	 5.290296

	8
	 0.621694
	 5.911990

	9
	-0.906375
	 5.005615

	10
	 0.271431
	 5.277046



A trace of the ten observations for the two series is also illustrated.
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Ten Observations of White Noise and a Random Walk



In a similar fashion, 100 observations of a random walk can be simulated. A plot of such a series follows accompanied with the trace of its white noise progenitor: Note that the white noise series hovers around zero while the random walk drifts off. Note also that it is more tempting to discern "trends" or directions in the random walk.


The autocorrelogram for the hundred observations of the simulated random walk was calculated using TSP and is displayed on the top of page 7.
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ONE HUNDRED  OBSERVATIONS OF WHITE NOISE AND A RANDOM WALK


The  closing values for the last Friday in the month of the index of thirty Dow Jones industrials, beginning April 23, 1983 and ending September 25, 1992, a total of 114 observations, exhibit the following pattern: [image: image5.wmf]20
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Weekly Closing Values of the Index of Thirty Dow Jones Industrials

4-23-83

9-25-92


IDENT RW

SMPL range:    1  -   100 

Number of observations: 100

________________________________________________________

          Autocorrelations        Partial Autocorrelations        ac     pac

__________________________________________________________

          .  ° ************    |          .  ° ************ |  1  0.953  0.953

          .  ° ************    |          .  °  .                       |  2  0.909  0.014

          .  ° ***********      |          .  °  .                       |  3  0.864 -0.038

          .  ° ***********      |          .  °  .                       |  4  0.819 -0.020

          .  ° **********        |          .  *  .                       |  5  0.770 -0.079

          .  ° *********          |          .  *  .                       |  6  0.712 -0.115

          .  ° *********          |          .  *  .                       |  7  0.654 -0.050

          .  ° ********            |          .  ° **                     |  8  0.613  0.149

          .  ° *******              |          .  °  .                       |  9  0.573  0.018

          .  ° *******              |          .  *  .                      | 10  0.530 -0.069

__________________________________________________________

 Q-Statistic (10 lags)  566.518                    S.E. of Correlations  0.100


The autocorrelogram of this series for the Dow Jones Industrials is displayed on the top of page 8. The first difference in the Dow, labelled DELDOW,  can also be calculated and is plotted below.
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First Difference of the Index of Thirty Dow Jones Industrials

4-30-83

9-25-92


IDENT DOW

SMPL range:    1  -   114 

Number of observations: 114

__________________________________________________________

          Autocorrelations        Partial Autocorrelations        ac     pac

__________________________________________________________

           . ° *************   |           . ° *************|  1  0.968  0.968

           . ° ************     |           . * .                         |  2  0.935 -0.044

           . ° ************     |           . ° .                          |  3  0.901 -0.031

           . ° ***********       |           . ° .                          |  4  0.868  0.009

           . ° ***********       |           . ° .                          |  5  0.835 -0.030

           . ° **********         |           . ° .                          |  6  0.804  0.023

           . ° **********         |           . ° .                          |  7  0.775  0.023

           . ° **********         |           . * .                          |  8  0.744 -0.071

           . ° *********           |           . ° *                         |  9  0.716  0.045

           . ° *********           |           . ° *                         | 10  0.693  0.056

__________________________________________________________

 Q-Statistic (10 lags)  782.799                    S.E. of Correlations  0.094

__________________________________________________________

The trace of the first difference in the index of thirty Dow Jones industrials appears to have a pattern somewhat like white noise. This suggests taking a look at its autocorrelogram which is displayed below. 

__________________________________________________________

IDENT DELDOW

SMPL range:    2  -   114 

Number of observations: 113

__________________________________________________________

          Autocorrelations        Partial Autocorrelations        ac     pac

__________________________________________________________

           . ° *                |           . ° *                             |  1  0.049  0.049

           . * .                 |           . * .                              |  2 -0.086 -0.089

           . ° .                 |           . ° .                               |  3 -0.033 -0.024

           . * .                 |           .** .                             |  4 -0.112 -0.118

           . * .                 |           . * .                              |  5 -0.047 -0.042

           . * .                 |           . * .                              |  6 -0.066 -0.085

           . ° *                |           . ° *                              |  7  0.113  0.108

           .** .                |           *** .                            |  8 -0.164 -0.214

           .** .                |           . * .                              |  9 -0.136 -0.115

           . ° **              |           . ° *                              | 10  0.140  0.109

__________________________________________________________

 Q-Statistic (10 lags)   12.149                    S.E. of Correlations  0.094

Indeed, nine out of the first ten autocorrelation values are close to zero. 


The mean of the first difference in the Dow Index can be calculated using the COVA command in TSP and is displayed below.

_____________________________________________________

SMPL range:  1983.05 - 1992.09

Sample endpoints adjusted to exclude missing data

Number of observations: 113

__________________________________________________________

  Series        Mean          S.D.       Maximum      Minimum

__________________________________________________________

   DDJI       18.219912    105.51105    262.09009   -576.63989

__________________________________________________________

                             Covariance        Correlation

_________________________________________________________

   DDJI,DDJI                  11034.064         1.0000000

__________________________________________________________

A test of the null hypothesis that the mean in the first difference in the Dow is zero against the alternative that it is positive suggests the following model:



(1-Z) Dow(t) = b + WN(t), 

i.e. that the first difference in the Dow consists of positive drift, b,  plus white noise. It also suggests that the Dow can be modeled as the sum of an evolutionary deterministic linear trend and a residual series:



Dow(t) = a + bt + Res(t).

If the residual series is a random walk, i.e. an evolutionary stochastic process,



Res(t) =RW(t),

then differencing the Dow should yield our postulated model for the difference in the Dow. 


If we regress the Dow on a time trend, we can obtain the estimated residual series and calculate its autocorrelation function. The estimated regression and autocorrelation follow.

LS // Dependent Variable is DJI

SMPL range:  1983.04 - 1994.08

Number of observations: 137

__________________________________________________________

     VARIABLE   COEFFICIENT  STD. ERROR     T-STAT.  2-TAIL SIG.

__________________________________________________________

        C        967.31657    29.986403    32.258506    0.000   

       TRND      20.598594    0.3811968    54.036641    0.000   

__________________________________________________________

R-squared             0.955810    Mean of dependent     2368.021

Adjusted R-squared    0.955482    S.D. of dependent     836.2981

S.E. of regression    176.4525    Sum of squared resid  4203292.

Durbin-Watson stat    0.341582    F-statistic           2919.959

Log likelihood       -902.0953

__________________________________________________________
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SMPL range:  1983.04 - 1994.08

Number of observations: 137

__________________________________________________________

          Autocorrelations        Partial Autocorrelations        ac     pac

__________________________________________________________

           . ° ***********     |           . ° ***********  |  1  0.822  0.822

           . ° ********           |           .** .                     |  2  0.635 -0.125

           . ° ******               |           . ° .                       |  3  0.491  0.021

           . ° *****                 |           . * .                      |  4  0.347 -0.104

           . ° ***                     |           . ° .                       |  5  0.237  0.012

           . ° **                       |           . ° .                       |  6  0.167  0.023

           . ° *                         |           . ° .                       |  7  0.115 -0.005

           . ° .                          |           *** .                    |  8  0.012 -0.210

           . ° .                          |           . ° *                      |  9 -0.038  0.104

           . ° .                          |           . ° *                      | 10 -0.035  0.065

           . * .                         |           .** .                     | 11 -0.084 -0.162

           .** .                        |           .** .                     | 12 -0.151 -0.118

__________________________________________________________

 Q-Statistic (12 lags)  215.049                    S.E. of Correlations  0.085


Note that the autocorrelation function at lag one has a value of 0.822, less than one, one being the value we would expect if the residual were a random walk. The coefficient of 0.822 can be confirmed by regressing the residual on the residual lagged one month:

LS // Dependent Variable is RES

SMPL range:  1983.05 - 1994.08

Sample endpoints adjusted to exclude missing data

Number of observations: 136

__________________________________________________________

     VARIABLE   COEFFICIENT  STD. ERROR     T-STAT.  2-TAIL SIG.

__________________________________________________________

        C       -0.9674828    8.4659712   -0.1142790    0.909   

     RES(-1)     0.8241794    0.0482286    17.089034    0.000   

__________________________________________________________

R-squared             0.685472    Mean of dependent    -1.648186

Adjusted R-squared    0.683125    S.D. of dependent     175.3869

S.E. of regression    98.72825    Sum of squared resid  1306134.

Durbin-Watson stat    1.782224    F-statistic           292.0351

Log likelihood       -816.5307

Note that the regression coefficient, 0.824,  is less than one. This raises the issue of distinguishing between a stationary process that is highly autocorrelated and an evolutionary random walk. We will return to this subject when we discuss testing for unit roots.


The residual from the detrended Dow appears to be a first order auto-regressive process, with the following formulation:



Res(t) = a Res(t-1) + WN(t).

Autoregressive processes are the subject of the next lecture,

If we estimate the autocorrelation function for the residual from the regression directly above, we obtain a result consistent with white noise:

IDENT RESID

SMPL range:  1983.05 - 1994.08

Sample endpoints adjusted to exclude missing data

Number of observations: 136

__________________________________________________________

          Autocorrelations        Partial Autocorrelations        ac     pac

__________________________________________________________

           . ° *               |           . ° *           


 |  1  0.104  0.104

           . * .               |           . * .            


|  2 -0.053 -0.064

           . ° *               |           . ° *            


|  3  0.042  0.055

           . * .               |           . * .            


|  4 -0.051 -0.067

           . * .               |           . * .           


 |  5 -0.090 -0.072

           . * .               |           . ° .           


 |  6 -0.043 -0.035

           . ° **              |           . ° **           


|  7  0.133  0.141

           .** .               |           .** .            


|  8 -0.127 -0.166

           .** .               |           . * .            


|  9 -0.132 -0.090

           . ° **              |           . ° **           


| 10  0.143  0.140

           . ° *               |           . ° .            


| 11  0.054  0.035

           . * .               |           . * .            


| 12 -0.078 -0.076

__________________________________________________________

 Q-Statistic (12 lags)   14.788                    S.E. of Correlations  0.086
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