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I. Time Averages of Stationary Stochastic Processes


Recall the generation of ten observations from the uniform distribution that we discussed in Lecture Two. If we index these observations by time we have a strictly stationary series, x. This can be considered as one sample or representation of such a time series and we can use Eviews or TSP to generate more. Four such series are listed in the following table and their traces are plotted in the graph.

	Ten Observations from the Uniform Distribution, TSP
	
	
	
	

	observation number
	x
	X2
	X3
	X4
	OBSERVATION MEAN

	1
	0.519517
	 0.256935
	 0.875271
	0.613330
	 0.453011

	2
	0.287454
	 0.259774
	 0.511887
	0.517289
	 0.315281

	3
	0.016175
	 0.301096
	 0.516678
	0.381542
	 0.243098

	4
	0.656697
	 0.403485
	 0.725883
	0.478469
	 0.452907

	5
	0.632771
	 0.128727
	 0.768975
	0.426649
	 0.391424

	6
	0.150853
	 0.617634
	 0.643269
	0.051912
	 0.292734

	7
	0.464675
	 0.476241
	 0.605579
	0.912076
	 0.491714

	8
	0.938078
	 0.010712
	 0.887936
	0.131748
	 0.393695

	9
	0.643025
	 0.210334
	 0.808405
	0.470260
	 0.426405

	10
	0.777734
	 0.684530
	 0.113132
	0.987060
	 0.512491

	Time Av
	0.508698
	
	
	
	


[image: image1.wmf]2

4

6

8

10

0.0

0.3

0.5

0.8

1.0

X

X2

X3

X4

Four Samples of  a Time Series: Independent Unifrorm Distribution



For each observation number, the values drawn for the four time series can be averaged to obtain an average value for that observation. The time series of such means is listed in the last column of the table and is labeled observation mean.  This time series is an estimate of the mean function , m(t):



m(t) = E x(t) .

Usually, one does not have the luxury of being able to generate multiple samples of the time series, a feasible option in this example because of simulation. But if the time series is stationary, it is possible to average over the observations for a single time series to obtain an estimate of the mean. This estimate, presumed the same at each observation, provides an alternative estimate of the mean function and is labeled time average in the table. The next figure compares these alternative estimates of the mean function. The mean at each observation, OBMEAN, has a lot of variation because there are only four observations to average.
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II. Evolutionary Stochastic Processes


An evolutionary stochastic process can be simulated using Eviews or TSP. For example, use GENR to generate a trend variable:



GENR TREND = @TREND(1)

and then generate an evolutionary process using two of the univariate processes we used above:



GENR EVOL = X + X2*TREND .

This process and its component are listed in the table below and its trace is plotted:

	Evolutionary Process
	
	
	

	Observation 

Number
	TREND
	X
	X2
	EVOL

	1
	0.0000000
	0.519517
	0.256935
	0.519517

	2
	 1.000000
	0.287454
	0.259774
	0.547227

	3
	 2.000000
	0.016175
	0.301096
	0.618366

	4
	 3.000000
	0.656697
	0.403485
	1.867153

	5
	 4.000000
	0.632771
	0.128727
	1.147679

	6
	 5.000000
	0.150853
	0.617634
	3.239021

	7
	 6.000000
	0.464675
	0.476241
	3.322123

	8
	 7.000000
	0.938078
	0.010712
	1.013062

	9
	 8.000000
	0.643025
	0.210334
	2.325694

	10
	 9.000000
	0.777734
	0.684530
	6.938505
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We can divide this time series into two halves, the first five observations and the second five, using the sample(SMPL) command. The descriptive statistics for the two halves are listed in the following tables. Note that both the sample mean and the sample variance are higher in the second half.

SMPL range:    1  -     5 

Number of observations: 5

________________________________________________________________

  Series        Mean          S.D.       Maximum      Minimum

________________________________________________________________

   EVOL       0.9399884    0.5782016    1.8671530    0.5195170

________________________________________________________________

                             Covariance        Correlation

________________________________________________________________

   EVOL,EVOL                  0.2674536         1.0000000

SMPL range:    6  -    10 

Number of observations: 5

________________________________________________________________

  Series        Mean          S.D.       Maximum      Minimum

________________________________________________________________

   EVOL       3.3676809    2.2022365    6.9385050    1.0130620

________________________________________________________________

                             Covariance        Correlation

________________________________________________________________

   EVOL,EVOL                  3.8798766         1.0000000


It is clear that taking time averages over a realization of an evolutionary process will not be satisfactory. This means that if we need to analyze an evolutionary process in order to apply Box-Jenkins modeling, it is necessary to transform the process and make it approximately stationary. If the process, x(t),  is trended in the mean, differencing the time series may remove the trend:



y(t) = ∆ x(t) = x(t) - x(t-1)

 If the times series is trended in variance, using a logarithmic transformation of the time series, w(t),  and then differencing may yield an approximately stationary time series:



z(t) = ∆ ln w(t) . 

III. Autocovariance and Autocorrelation Functions


The autocovariance function  of a time series, x(t), is the variance and covariance of the series with itself, hence the name, and is denoted x,x (t,u) and     defined as:


x,x(t, u) = E{[x(t) - Ex(t)][x(t-u) - Ex(t-u)]}.
where u is an index of lag. Recall that for an evolutionary time series, the variance may be trending over time and thus the autocovariance function will, in general, depend upon time. The value of the autocovariance function at lag zero( u = 0) is the variance of the series:



 x,x(t, 0) = E{[x(t) - Ex(t)][x(t) - Ex(t)]}.
The autocovariance function divided by the variance, i.e. standardized, is called the autocorrelation function, x,x (t,u)


x,x(t, u) = x,x(t, u)/ x,x(t, 0).

A plot of the autocorrelation function against lag is called an autocorrelogram.


If the time series is covariance stationary, then the autocovariance function and autocorrelation function depend only on lag, u, and not time, t. Covariance stationarity is a restriction on some of the moments of the series and thus is not as restrictive a property as strict stationarity.


Ten observations are generated from the Uniform distribution, following the procedure discussed in Lecture Two, and are reproduced in the table below. The sample mean can be calculated by summing the values for x  and dividing by ten. To calculate the sample variance, subtract the mean from x. In turn, these values can be squared and summed equaling 0.733725, which divided by ten is the estimate of the variance. These values for the mean and variance can be compared with those obtained using the COVA command and reported below the table. 

	Ten Observations from the Uniform Distribution, TSP
	
	
	

	observation number
	x
	Mean
	x - Mean
	x - Mean, squared

	1
	 0.519517
	0.508698
	 0.010819
	 0.000117

	2
	 0.287454
	0.508698
	-0.221244
	 0.048949

	3
	 0.016175
	0.508698
	-0.492523
	 0.242579

	4
	 0.656697
	0.508698
	 0.147999
	 0.021904

	5
	 0.632771
	0.508698
	 0.124073
	 0.015394

	6
	 0.150853
	0.508698
	-0.357845
	 0.128053

	7
	 0.464675
	0.508698
	-0.044023
	 0.001938

	8
	 0.938078
	0.508698
	 0.429380
	 0.184367

	9
	 0.643025
	0.508698
	 0.134327
	 0.018044

	10
	 0.777734
	0.508698
	0.269036
	 0.072380

	Sum
	5.08598
	
	
	0.733725


SMPL range:    1  -    10 

Number of observations: 10

________________________________________________________________

  Series        Mean          S.D.       Maximum      Minimum

________________________________________________________________

    X         0.5086978    0.2855259    0.9380780    0.0161750

________________________________________________________________

                             Covariance        Correlation

________________________________________________________________

   X,X                        0.0733725         1.0000000

________________________________________________________________


It is possible to illustrate the calculation of the autocovariance function at lag one, x,x(1),using the data for this series of ten observations generated from the uniform distribution. The column of figures for x(t) minus the mean can be lagged by one, as illustrated in the table below. The product of these two columns of figures can be summed, yielding 0.098311, which divided by ten is an estimate of the autocorrelation function at lag one, x,x (1) = 0.009831. Note one observation is lost in the lagging process so that estimates of the autocovariance function at higher lags becomes inaccurate if the sample is small. The value of the estimated autocorrelation function at lag one, x,x (1) is:



x,x (1) = x,x (1) x,x (0)  = 0.009831/0.0735725 =  0.134.

Note that the sample autocorrelation at lag one is small as expected since the observations were independent by construction. The calculation of the autocorrelation function is done swiftly using Eviews or TSP. In TSP, go to the Command  Menu and select time series. From time series select autocorrelogram(IDENT), i.e. the command IDENT for the variable x with,  for example, three correlations. This is reproduced below after the table. In Eviews, after selecting the time series and opening the selection, choose correlogram from the view menu.

	Ten Observations from the Uniform Distribution, TSP
	
	
	

	observation number
	x
	x - Mean
	x - Mean, lagged one
	cross-product

	1
	 0.519517
	 0.010819
	
	

	2
	 0.287454
	-0.221244
	 0.010819
	-0.002394

	3
	 0.016175
	-0.492523
	-0.221244
	 0.108968

	4
	 0.656697
	 0.147999
	-0.492523
	-0.072893

	5
	 0.632771
	 0.124073
	 0.147999
	 0.018363

	6
	 0.150853
	-0.357845
	 0.124073
	-0.044399

	7
	 0.464675
	-0.044023
	-0.357845
	 0.015753

	8
	 0.938078
	 0.429380
	-0.044023
	-0.018903

	9
	 0.643025
	 0.134327
	 0.429380
	 0.057677

	10
	 0.777734
	0.269036
	 0.134327
	 0.036139

	Sum
	5.08598
	
	
	0.098311


IDENT X

SMPL range:    1  -    10 

Number of observations: 10

_________________________________________________________________

          Autocorrelations        Partial Autocorrelations        ac     pac

_________________________________________________________________

     .       ° **    .         |     .       ° **    .                       |  1  0.134      0.134

     .    ****      .         |     .    ****       .                     |  2 -0.275    -0.298

     .       ° **    .         |     .       ° ****  .                      |  3  0.187      0.307

________________________________________________________________

Q-Statistic (3 lags)    1.285                     S.E. of Correlations  0.316

--------------------------------------------------------------------------

IV. The Normal Random Variable


A normal random variable has a range from minus infinity to plus infinity, mean and variance 2. Its density function is:



f(x) = [1/(√2)]*exp{-(1/2)*[(x - )/]2} .

The standardized variate z, z = (x - )/, has mean zero and variance one. The density and distribution functions for the standardized normal variable are plotted in the attached graph, see page 11. Observe that the normal density function is symmetric, as was the uniform density. However the normal density function is much more peaked around the mean.
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It is possible to generate a sample of 100 independent observations from a standardized normal distribution using Eviews or TSP. An example using Eviews is developed in Lab Two. For TSP, CREATE a file of 100 undated observations and use the GENR command to generate a variable, y = nrnd. A histogram of the generated sample density follows.
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V. White Noise


If we index the sample of 100 independent observations drawn from the normal distribution by time, we have a time series, WN(t), 



WN(t) = e(t), 

 i. e.  a sequence of observations each with expected value zero and variance one. Thus the mean function for e(t) is zero:



E e(t) = 0, 

and the autocovariance function is:



(u) = E{[ e(t) - E e(t)][ e(t-u) - Ee(t-u)]} = E[e(t)*e(t-u)]




= 1 if u = 0,




= 0 if u ≠ 0.


White noise is the basic stochastic building block for random walks, autoregressive processes and moving average processes. The trace of our 100 observation sample of white noise follows, as does a correlogram for the sample. [image: image6.wmf]20
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IDENT Y

SMPL range:    1  -   100 

Number of observations: 100

_____________________________________________________________

          Autocorrelations        Partial Autocorrelations        ac     pac

_____________________________________________________________

         .  *  .              
|          .  *  .           | 
 1 
-0.059 
-0.059 

          .  ° ***         |          .  ° ***        |  
2 
0.198  
0.195

          .  ° *.            |          .  ° *.           |  
3      0.050  
0.074

          .  °  .             |          .  °  .            |  
4      0.017  -0.015

          .  °  .             |          .  *  .           |  
5    -0.016  -0.042

          .  ° *.            |          .  °  .            |  
6      0.041    0.036

          . **  .            |          . **  .          |  
7 
-0.140 
-0.130

          . **  .            |          . **  .          |  
8    -0.144  -0.183

          .  *  .             |          .  *  .           |  
9    -0.114  -0.096

          .  °  .             |          .  °  .            | 
10    -0.037    0.032

_________________________________________________________

 Q-Statistic (10 lags)   10.198                    S.E. of Correlations  0.100

