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I. Dynamic Causal Models


Our discussion of dynamic relationships between two (or more) variables will be conducted within the conceptual and historical framework of permanent consumption. The idea is that permanent consumption, cp, is proportional to permanent income, yp, which in turn is the return on your human and other (property and financial) wealth:



cp = k yp

Observed consumption, c, is conceived to be the sum of permanent consumption, cp, and transitory consumption, cT, where the latter is assumed to be white noise,



c = cp + cT .

Combining these two relationships we have:



c = k yp + cT 

An historical approach to formulating permanent income within a time series context was as a distributed lag of current and past observed income:



yp(t) = 0 y(t) + 1y(t-1)  + 2y(t-2)  + 3y(t-3)  + ...

So the complete model would be:


c = k 0 y(t) + k 1 y(t-1)  + k 2 y(t-2)  + k 3 y(t-3)  + ... +cT .
II. Econometric Considerations


One could estimate this distributed lag model of consumption on income by regressing current consumption on current and lagged values of income using multiple linear regression. However, we can anticipate that income will have an auto-regressive structure and hence that current income will be highly correlated with lagged income, etc. Thus the explanatory variables, y(t), y(t-1), y(t-2) will be multi-collinear which can lead to large standard errors(and low t-statistics) for the estimated parameters, k0 k1 k2  etc. Possible econometric alternatives to estimation have included the Almon polynomial distributed lag(PDL) technique, imposition of a lag structure such as the geometric (Koyck), differencing both sides of the equation before estimation, and the Box-Jenkins approach to estimating distributed lags.


The first step of the Almon technique is to choose the length of the distributed lag. In our example, we will end the lagged dependence, or truncate it, after three lags, i.e. assume that k 4 is zero, and likewise for the coefficients on higher lags. The second step is to assume that we will approximate the lag structure, k0 k1 k2 etc. with a polynomial. For example, suppose we choose a polynomial of order one, a + b i, where i indexes lag number. Then for the lag structure we have:



ka 



k= a +b 



k= a + 2b



k= a + 3b

and substituting in the distributed lag model we have, from:



c = k 0 y(t) + k 1 y(t-1)  + k 2 y(t-2)  + k 3 y(t-3)  + ... +cT ,

c = ay(t) + (a+b)y(t-1)  + (a+2b)y(t-2)  + (a+3b)y(t-3)  +  cT,

and collecting the variables for the coefficients a and b,

c = a[y(t) + y(t-1) + y(t-2) + y(t-3)] + b[y(t-1) + 2y(t-2) + 3y(t-3)] + cT
The variables, [y(t) + y(t-1) + y(t-2) + y(t-3)] and [y(t-1) + 2y(t-2) + 3y(t-3)],   are    referred to as the Almon variables. The lag structure can be recovered from the estimates of a and b, i.e. k 0 a , ka  + b, etc.


A third approach is to difference the distributed lag model, noting that differencing income will prewhiten it and hence reduce collinearity between ∆y(t), ∆y(t-1) etc. The differenced model is:


∆c = k 0  ∆y(t) + k 1  ∆y(t-1)  + k 2  ∆ y(t-2)  + k 3  ∆y(t-3)  + ... + ∆cT ,
If one encounters multi-collinearity in the attempt to estimate the model in levels, this offers a simple alternative. However, if the structure in the explanatory variable is more complex than AR(1) with a parameter close to one, then first differencing may not be a good approximation. This motivates the more general Box-Jenkins approach.


Before discussing the Box-Jenkins technique for estimating distributed lags, it is important to mention another approach, the imposition of a lag structure such as geometric. For example, suppose:



  



 = r 



 = r2 



 = r3, 

or in general,



i= ri,

and substituting in the distributed lag model:



c = ky(t) + kry(t-1)  + kr2y(t-2)  + kr3y(t-3)  + ... +cT ,

and


c = k(1 + rZ + r2Z2 + r3Z3 + ...)y(t) + cT,


c = {k/(1-rZ)} y(t) + cT.

Multiplying through by (1-rZ),



c(t) - rc(t-1) = ky(t) + cT(t) - rcT(t-1) .

Estimation now involves a lagged dependent variable.



c(t) = rc(t-1) + ky(t) + cT(t) - rcT(t-1) ,

Note also that the error stucture, cT(t) - rcT(t-1), is MA(1).

The econometric difficulty is that the lagged dependent variable, c(t-1) is not independent of this error structure, cT(t) - rcT(t-1) , and hence the parameter estimates, r and k, will be biased and inconsistent. Since transitory consumption, cT(t), is the random or error component of observed consumption, c(t), it follows that c(t-1), the lagged dependent variable, will be correlated with cT(t-1) and hence not independent of the error structure, violating the assumptions for linear regression. 

III. Box-Jenkins Estimation of Dynamic Distributed Lag Models


For a dynamic relationship of the form:


y(t) = h0x(t) + h1x(t-1) + h2x(t-2) + ... + u(t) ,

where x(t) is the input, y(t) is the output, and u(t) is the error structure. Using the lag operator,


y(t) = [h0Z + h1Z2 + h2Z3 + ... ]x(t) + u(t) ,

where [h0Z + h1Z2 + h2Z3 + ... ] is the filter, or impulse response function that transforms the input into the signal component of the output. The rest of the output is noise. This filter can be written in compact form as a polynomial in The lag operator Z, h(Z):



h(Z) = [h0Z + h1Z2 + h2Z3 + ... ] , 

so that



y(t) = h(Z) x(t) + u(t).

The econometric problem is how to estimate h(Z).


If x(t) is ARMA(p,q), i.e. 



AR(p) x(t) = MA(q) ex(t),

or, equivalently:



[1-b1Z-b2Z2-...bpZp] x(t) = [1+a1Z+a2Z2+...aqZq] ex(t),

mutiplying both sides of the input-output relationship by the ratio AR(p)/MA(q) will reduce the input x(t) to its white noise residual:


[AR(p)/MA(q)]y(t) = h(Z) [AR(p)/MA(q)]x(t) + [AR(p)/MA(q)]u(t),

or equivalently:


[AR(p)/MA(q)]y(t) = h(Z) ex(t) + [AR(p)/MA(q)]u(t).

Note that the transformed dependent variable:


 [AR(p)/MA(q)]y(t) = y*(t)

is not an orthogonal time series, but that ex(t) is. If one expresses the transformed error process as,


[AR(p)/MA(q)]u(t) = u*(t),

The dynamic relationship is now:


y*(t) = h(Z) ex(t) + u*(t), 

or


y*(t) = h0ex(t) + h1ex(t-1) + h2ex(t-2) + ... + u*(t),

where each of the regressors ex(t). ex(t-1), etc. is independent of the others. Thus the cross-covariance between y*(t) and ex(t) should yield the coefficients hi at each lag. 


The cross-covariance function between an input x and an output y is defined as:


x,y(u) = E{[y(t)-Ey][x(t-u)-Ex]}.

Once this lag pattern has been estimated, a good guess for the ARMA model specification for the error structure u*(t) is the ARMA structure for y*(t).

