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Random Variables

I. Introduction

A random variable is a variable that takes on values in its range with some associated probability. An example may be the number of heads in one flip of a fair coin which can take the value zero with probability ½ or the value one with probability ½.  So a random variable is associated with a probability distribution. In this example, the random variable, the number of heads, takes on discrete values. Random variables can also take on continuous values, for example along the number line.

We will use repeated trials of a random experiment, such as flipping a coin n times, to study the binomial distribution. Given the distribution of a random variable, we will examine notions of central tendency, such as the expected value of a random variable, as well as measures of dispersion, such as the variance of a random variable.

II. 
[image: image1.wmf]Repeated Bernoulli Trials

In the single flip of a coin, heads may be the outcome with probability p, or tails with probability 1-p. If we consider the random variable k to be the number of heads, it can take the value zero with probability 1-p or the value one with probability p. The central tendency or the expected number of heads is:

E(k) = 
[image: image2.wmf]å
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ki P(ki) = 0*(1-p) + 1*p = p,

so each value of k is multiplied by its associated probability of occurrence and this weighted sum is the expected value of k. If the coin is fair, then the expected number of heads, or mean or average value is ½.

The dispersion around the mean is the variance, VAR(k):

VAR(k) = E(k –Ek)2 = 
[image: image3.wmf]å
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(ki – EkI)2 P(ki).

In our example the variance in the number of heads is:


VAR(k) = (0 - p)2 (1- p) + (1 – p)2 p 



= p2 (1 – p) + (1 – p)2  p



= p (1 – p) [p + (1 – p)]



= p (1 – p).


Let us expand the number of trials to two, a sequence of two independent  or random experiments, consisting of the flip of a coin twice with outcomes given by the tree diagram in Figure 1.






Figure 1: Tree Diagram for Two Coin Flips

------------------------------------------------------------------------------------------------------------

So it is possible to get zero heads with probability (1 – p)2, one head with probability     (1 – p) p or one head with probability p (1 – p), or two heads with probability p2 . The expected value of the number of heads is:

 E(k) = 0*(1- p)2 + 1*(1 – p) p + 1* p (1 –p) + 2* p2 

= 2 (1 – p) p + 2 p2 

= 2 p [(1 – p) + p]


= 2p.

So the mean for the case of two trials is just twice the mean for one trial.

The variance in the number of heads is VAR(k).


VAR(k) = E(k – Ek)2 



= (0-2p)2 (1-p)2 + (1-2p)2 (1 – p) p + (1-2p)2 p (1-p) + (2 – 2p)2 p2 


= 4p2 (1-p)2 + 2(1 – 4p +4p2) (1-p) p + 4 (1-p)2  p2 


= 8p2 (1-p)2 + 2(1-p)p –8 p2 (1-p) + 8 p3 (1-p) 



= 8p2 (1-p)2 + 2(1-p)p –8 p2 (1-p)(1-p)



= 2(1 – p) p,

i.e. twice the variance for one trial. As we shall see, for n trials the mean number of heads is np and the variance is n p(1 – p).

III. Histograms of the Probability Distributions

In the case of a single flip of a coin, the number of heads could take two values, zero or one, with probabilities ½ and ½, respectively, for a fair coin. This is illustrated in Figure 2

------------------------------------------------------------------------------------------------------









In the case of two successive flips, it is possible to get zero, one, two heads with probabilities, ¼, ½, ¼, respectively, for a fair coin. This is illustrated in Figure 3.

----------------------------------------------------------------------------------------------------









------------------------------------------------------------------------------------------------

Note from Figures 1 and 3 that the outcome of one head is more likely than zero or two heads. This is because you can obtain one head with two combinations HT or TH. The probability of either of these elementary outcomes is p (1 – p), and we have to account for the number of combinations of one head in two trials, denoted C2(1) = 2!/1!1! = 2.

So the probability of obtaining one head in two trials for a fair coin is:


P(k=1) = C2(1) p (1 – p) = 2 (1/2)(1/2) =1/2.

IV. Pascal’s Triangle

The value of the number of combinations is given by Pascal’s triangle, illustrated in Figure 4.
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Figure 4: Pascal’s Triangle, Each Entry Is the Sum of the Two Numbers Above It

To find Cn(k), start counting at zero, and count down to row n and, starting at zero,  over to entry k. 

V. The Binomial Distribution 

Consider three successive flips of a coin, i.e. three successive random experiments, as illustrated in Figure 5.









Figure 5: Three Flips of a Coin

-------------------------------------------------------------------------------------------

The probability of getting k heads in three trials, where k can take the values zero, one, two or three is:


p(k) = C3(k) pk (1 – p)n-k  .

For a fair coin, the probability of zero heads is:


P(k=0) = 3!/0!3! (1/2)0 (1/2)3  = 1/8, 

And the probability of obtaining one head is:




P(k=1) = 3!/1!2! (1/2)1 (1/2)2  = 3 * 1/8 = 3/8.

For three flips, the histogram of the probability of getting k heads is shown in Figure 6.

--------------------------------------------------------------------------------------------- 






---------------------------------------------------------------------------------------------------

From the histograms for one flip, two flips, and three flips, we can draw the suggestion that the probability distribution for a fair coin is symmetric and becomes more bell shaped as the number of trials increases.

V. Expected Value of  the Sum of Random Variables

Recall that for a single flip of a coin, the expected value of the number of heads equals p. The probability of getting kI  heads on flip one and kII heads on flip two, where the superscript on k refers to the trial is:


p (kI(kII) = p (kI) p(kII),

since the trials are random experiments and are independent.


The expected value of kI plus kII heads is:


 E(kI+kII) =
[image: image4.wmf]å
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 EMBED Equation.3  [image: image5.wmf]å
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(kiI + kjII) p(kI(kII)




=
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 EMBED Equation.3  [image: image7.wmf]å
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(kiI + kjII)  p(kiI) p(kjII)




= 
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ki p(kiI) 
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p(kjII) + 
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kj p(kjII) 
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p(kiI)




= 
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ki p(kiI) *1 + 
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kj p(kjII) * 1




= E(kI) + E(kII) = p + p = 2p.

For n trials the expected number of heads would be np, i.e. this is the mean of the binomial distribution.

VII. Variance of the Sum of Independent Random Variables

The variance of kI plus kII is:


VAR(kI + kII ) = E[(kI + kII ) - E(kI + kII )]2 



= E[(kI – EkI ) + [(kII – EkII )]2 



= 
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 EMBED Equation.3  [image: image15.wmf]å
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[(kiI – p) + (kjII – p)]2 p(kI(kII)




= 
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 EMBED Equation.3  [image: image17.wmf]å
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[(kiI – p)2 + (kjII – p)2 + 2 (kiI – p) (kjII – p)] p(kiI) p(kjII)


= 
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(kiI – p)2 p(kiI) 
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p(kjII) + 
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 (kjII – p)2 p(kjII) 
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 p(kiI) + …

+ 2 
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 (kiI – p) p(kiI)  
[image: image23.wmf]å
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(kjII – p)]  p(kjII)


= VAR(kI) *1 + VAR(kII) *1 + 2*0*0


= p(1-p) + p(1-p)


= 2 p(1-p)

For n trials, the variance in the number of heads would be n p(1-p), i.e. this is the variance of the binomial distribution


Independence plays a key role in the cross-product term, 

2 
[image: image24.wmf]å
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 (kiI – p) p(kiI)  
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(kjII – p)]  p(kjII)

being zero, highlighting the importance of a sequence of random experiments. This is achieved in practice for situations other than gambles by using random samples. Hence sampling is an important topic. 


If p (kI(kII) is not equal to the product p (kI) p(kII), then the interaction or cross-product term is not necessarily zero. In general,

VAR(x + y) = E[(x –Ex) + (y – Ey)]2  = E[[(x –Ex)2 + (y – Ey)2 + 2(x – Ex)(y – Ey)]



= VAR(x) + VAR(y) + 2 COV(x y).

The covariance term, 2 COV(x y), i.e. the expectation of the cross product,                       2 E(x – Ex)(y – Ey), is a measure of the interdependence between the random variables x and y. We will revisit this topic when we explore the relationship between random variables.

VI. The Coefficient of Variation

A measure of relative dispersion is the square root of the variance, divided by the mean, and hence it is unit-less. For the binomial , this coefficient is:


Coefficient of Variation = (n (p ((1 – p) (n p = (1/(n)(((1 – p)/(p).

For a fair coin this would be 1/(n .So relative dispersion decreases with the number of trials.

VII. Applications of the Binomial Distribution

What fraction of California voters will vote for Hillary Clinton in the Primary Election? The most recent Field Poll showed Hillary with 49% of the vote in that sample. Suppose we simplify the poll and for a sample of n voters, each selected at random, with two choices to how each will vote: yes (vote for Clinton) or otherwise. If k is the number of voters answering yes, the sample fraction or proportion, 
[image: image26.wmf]p
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, voting for Hillary is:
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 EMBED Equation.3  [image: image28.wmf]=  k/n,

and the expected value of this sample proportion is the unknown proportion, p, of California voters supporting Clinton that we are trying to estimate:


E(
[image: image29.wmf]p

ˆ

) = E(k)/n = n p /n  = p.

The variance in 
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ˆ

is:

VAR(
[image: image31.wmf]p
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) = VAR(k/n) = E[k/n – p/n]2 = 1/n2 E(k-p)2 =1/n2 VAR(k) =(1/n2 ) n p (1-p)


= p (1 –p)/n .

We do not know p, but we can use the sample proportion as an estimate. The standard deviation of the sample proportion is then  ( (
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) = 
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. This standard deviation is a measure of the sampling error reported by polls. If the election is close and 
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 is approximately 0.5, for a sample of 100, the sampling error is 5 %, i.e. 0.05. In the Field Poll of August 17, there were 418 likely voters. For a 
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of 0.49, the sampling error for a 95% confidence interval is 2* ( (
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), ( (
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.= 0.024, so the sampling error is 0.048 or 4.8%. The following is quoted from this Field Poll:
[image: image41.png]Sampling error estimates applicable to any probability-based survey depend on sample size. According to
statistical theory, 95% of the time results from the survey have a sampling error of +/- 4.7 percentage points
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Figure 2: Histogram for a Single Flip





Figure 3: Histogram for Two Flips
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Figure 6: Histogram for Three Flips
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