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Experimental Method, Clinical Trials and Experimental Design

I. Introduction

Economists usually rely on regression to estimate the effect of one variable on another. An example is the effect of deterrence variables, such as the probability of arrest (measured as the ratio of arrests to reported offenses), x, on the felony offense rate, y. A critique of this approach is that one should control for the causes of crime, indicated symbolically here by the variable w. But, as the critique continues, not enough is known about the causes of crime to appropriately measure w. A proxy variable, q, included to control for causality, may not be adequate for the purpose. So, any estimated deterrence effect is suspect because the variation in the offense rate due to causal factors has not been controlled for statistically in a convincing manner. In summary, one should estimate:

y = a + b x + c w + u,






(1)

but estimates,


y = a’ + b’ x + c’ q + u’.





(2)


An alternative approach, used frequently in some other disciplines, is the experimental method. The key is to randomly assign subjects into two groups, the experimental group and the control group. This approach has been used to study the deterrent effect of punishment in situations of domestic violence.


The idea is that you can study the “response” of a subject to a “stimulus” or treatment, and compare the response of individuals in the experimental group, who receive the treatment, to the response of individuals in the control group, who do not receive the treatment. This experiment is conducted “blind”, i.e. the subjects do not know which group they are in.


For example, in the case of domestic violence, a call to 911 for help is always answered by the police, who go to the home and try and calm the occupants. In an experiment however, the case is assigned at random to the experimental group or the control group. If it is assigned to the experimental group, the officers may arrest the wife-beater, for example and haul him off for a night in jail. This punishment has been found to reduce, i.e. deter, the frequency of future domestic violence, compared to the frequency in the control group. 


The point about random assignment to the experimental or control group is that it is a mechanism for dealing with the unknown causes of domestic violence. The random assignment of subjects should insure that there are as many violent wife-beaters, or heavies, in the control group as in the experimental group, thereby permitting isolation of the deterrent effect of punishment, i.e. arrest and jail. 


The experimental method and stimulus-response studies are widely used in many fields for numerous applications. These include the testing of drugs, pesticides, fertilizers etc. Before looking at the experimental method, and testing for differences in proportions or sample means between the experimental and control groups, we will tie up some loose ends for least squares.

II. The Assumptions of Least Squares

In Lecture Eight, we used a number of assumptions in investigating the formulae for least squares estimates. We will summarize them here.

#1. The expected value of the error is zero, E(u) = 0.

We used this assumption in Lecture Eight, p.1.

#2. The error is independent of the explanatory variable, E{[x – Ex] u} =0.

We used this assumption on p.1 and p.3 of Lecture Eight.

#3. The errors are independent of one another, E[u(i) u(j)] =0. 

We used this assumption on p. 9 of Lecture Eight.

#4. The variance is the same, i.e homoskedastic, for all of the errors, E[u(I)]2 = (2 


We used this on p.9 of Lecture Eight.

#5. The error is distributed normally, with mean zero and variance (2 .

This is the reason the estimate of the unexplained mean square, i.e. the estimate of the variance of the error, is distributed Chi-Square with n-2 degrees of freedom.

In turn, this is the basis for the distributional assumptions underlying Student’s t-test and the F-test. The estimated slope and intercept are distributed normally if the errors are normal, and a variable such as 
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  is the ratio of a normal variable to the square root of a Chi-Square variable, and hence has the t distribution.

III. The Pathologies of Least Squares

Violations of the assumptions underlying the properties of least squares estimators lead to various pathologies or problems that need remedies. For example, if assumption four is false, then the error is said to be heteroskedastic. The consequence is that the ordinary least squares estimators are no longer best in the sense of being minimum variance estimators or using the information in the data efficiently. There are tests developed for these econometric problems as well as various remedies, and you will study these techniques of analysis in Econ 240B. 

For regressions using time series, the errors may be correlated violating assumption three. This is called autocorrelation. If the explanatory variable is not independent of the error, then the OLS parameter estimates 
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 are biased and inconsistent, i.e the uncertainty or variability in these estimators no longer diminishes as sample size grows.

IV. Graphical Diagnostics for Least Squares

We are emphasizing exploratory analysis and graphical methods. One diagnostic tool that we will resort to is an examination of the actual and fitted data, as displayed in Figure 4 of Lecture Eight. This may reveal observations that are outliers, i.e. lie far from the fitted relationship. Another useful visual tool is a plot of the estimated residuals, as shown for that regression in Figure 1, below. Looking at such a plot, we check to see if the estimated residuals are distributed randomly, as assumed, or whether we can detect patterns. Patterns can reveal outliers, such as very large errors. These may be due to a data error, for example, caused by a mistake in copying the data.

---------------------------------------------------------------------------------------------------
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With time series data, such as our sequence of twelve months of net rates of return for the UC stock index fund, patterns in Figure 1 may be revealing. For example, the estimated residual is within plus or minus two standard deviations of zero for most of the observations. An exception is the first observation, where the residual is more than three standard deviations below zero. Also note that the residuals do not seem to be distributed randomly. First there is a run below zero, then a run above zero, etc. The errors appear to be positively correlated. The first residual is negative for August 1999, and a good guess is that the residual for September 1999 will be negative as well, instead of having an expected value of zero. In summary, a visual examination of the regression results can often be a powerful diagnostic device to see if there may be problems with your OLS results.

V. The Mean and Variance of the OLS Estimate for the Intercept 

Having developed the mean and the variance of 
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, we can make use of the fact that the estimated regression passes through the sample means:
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Next we use Eq. (33) from Lecture Eight to substitute for 
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and taking expectations, with 
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E 
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and 
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 is an unbiased estimator of the intercept.


Subtracting a from both sides of Eq.(5),
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and squaring and taking expectations, recalling that x and u are independent, and that the errors are independent of one another:
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Var 
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Once again, the unexplained mean square can be used as an estimate for the variance, (2, of the error.

VI. Testing Hypotheses About the Intercept

The hypothesis that the returns generating process is in equilibrium for the UC stock index fund, i.e. that a is zero, can be tested. The null hypothesis is:


H0: a = 0







(11)

And the alternative hypothesis is:


Ha : a
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Using the t-statistic:


t10 d.f. = 
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This statistic is insignificant at the 5% level for ( since t0.025 =2.23 and we accept the null that the returns generating process is in equilibrium.

VII. The Expected Value of the Sum of Squared Residuals

Begin with the expression for the sum of squared residuals given by Eq. (28) in Lecture Eight:
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and use the right hand side of  Eq.(34) from the previous lecture to substitute for the deviations from y:
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Taking expectations, the third term in Eq (16) is zero since x and u are independent,
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And collecting the first and last terms, 
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Note that 
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And substituting for the variance of 
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And expanding the sum in the second term
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Where the expectation of [ 
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and the mean square error is an unbiased estimate of the variance of the error u.

VIII. Trend Analysis and Interpreting Parameter Estimates

a. Linear Trend

Linear trend is a regression of the dependent variable, y(t), against an index of time, t:


y(t) = a + b t + e(t)





(1)

The fitted equation is:
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An example is fitting a linear trend to the UC Budget, General Fund Component in Millions of nominal dollars, from fiscal year 1968-69 through 2000-01. Where t is zero in 1968-69. In this case, 
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-------------------------------------------------------------------------

	Dependent Variable: UCBUD

	Method: Least Squares

	
	
	
	
	

	Sample: 1968 2000

	Included observations: 33

	
	
	
	
	

	Variable
	Coefficient
	Std. Error
	t-Statistic
	Prob.  

	
	
	
	
	

	C
	129.4338
	70.70430
	1.830635
	0.0768

	T
	78.79015
	3.797430
	20.74828
	0.0000

	
	
	
	
	

	R-squared
	0.932826
	    Mean dependent var
	1390.076

	Adjusted R-squared
	0.930660
	    S.D. dependent var
	788.8189

	S.E. of regression
	207.7163
	    Akaike info criterion
	13.56892

	Sum squared resid
	1337528.
	    Schwarz criterion
	13.65961

	Log likelihood
	-221.8871
	    F-statistic
	430.4911

	Durbin-Watson stat
	0.322390
	    Prob(F-statistic)
	0.000000
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Figure 1: Fitted Vs. Actual Net Returns, UC Stock Index Fund, and Residuals by Month
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B. Exponential Trend

In this case the equation of interest is:


y(t) =  exp [ y(0) + bt +  e(t)] 




(3)

which can be transformed into a linear equation by taking logarithms, ln:


lny(t) = y(0) + bt +  e(t)




(4)

The fitted equation is:
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 EMBED Equation.3  [image: image73.wmf]
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and the estimated slope, 
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In difference equation terms;
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and subtracting Eq. (7) from Eq (5):
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By definition, 
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so substituting for 
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As an example, consider the regression of the logarithm of the UC Budget, General Fund component, in millions of nominal dollars against a time index. The estimated slope parameter is 0.071, indicating the UC Budget grows at 7.1% per year in nominal dollars. The UC Budget in 2000-01 is 3.1026 billion dollars so an estimate for next year’s budget would be 3.1026*1.071, or 3.323 billion.

-----------------------------------------------------------------------------------------

	Dependent Variable: LNUCBUD

	Method: Least Squares

	
	
	
	
	

	Sample: 1968 2000

	Included observations: 33

	
	
	
	
	

	Variable
	Coefficient
	Std. Error
	t-Statistic
	Prob.  

	
	
	
	
	

	C
	5.900135
	0.071126
	82.95322
	0.0000

	T
	0.070541
	0.003820
	18.46579
	0.0000

	
	
	
	
	

	R-squared
	0.916663
	    Mean dependent var
	7.028788

	Adjusted R-squared
	0.913975
	    S.D. dependent var
	0.712429

	S.E. of regression
	0.208955
	    Akaike info criterion
	-0.234701

	Sum squared resid
	1.353532
	    Schwarz criterion
	-0.144003

	Log likelihood
	5.872561
	    F-statistic
	340.9852

	Durbin-Watson stat
	0.102187
	    Prob(F-statistic)
	0.000000


---------------------------------------------------------------------------
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IX. Bivariate Relationships

Elasticities can be estimated by using a log-log functional form.

Suppose the relationship between state General Fund Expenditures, GFX(t), and California Personal Income, Y(t), is proportional:


GFX(t) = k [Y(t)]b exp[e(t)]





(11)

Taking logarithms, 


lnGFX(t) =lnk + b lnY(t) + e(t)




(12)

And the fitted regression is:
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The estimated slope parameter, 
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or the fractional change in General Fund Expenditures for a unit (one) increase in personal income, i.e. this is the elasticity or percentage change in general Fund expenditures for a one percent change in personal income.


Looking at the regression estimates, the elasticity is 1.073 with a standard error, s(
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), of 0.022. So testing the null hypothesis that the elasticity is unitary,


H0 : b = 1


Ha : b
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We have the Student’s t-distribution statistic:


t = [
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) =  [1.073 –1]/0.022 = 3.32,

which for 31 degrees of freedom is significant at the 5% level(t0.025 = 2.04)


-------------------------------------------------------------------------------

	Dependent Variable: LNGENFND

	Method: Least Squares

	
	
	
	
	

	Sample: 1968 2000

	Included observations: 33

	
	
	
	
	

	Variable
	Coefficient
	Std. Error
	t-Statistic
	Prob.  

	
	
	
	
	

	C
	-3.206650
	0.131920
	-24.30753
	0.0000

	LNCAINC
	1.073124
	0.022434
	47.83386
	0.0000

	
	
	
	
	

	R-squared
	0.986633
	    Mean dependent var
	3.046404

	Adjusted R-squared
	0.986201
	    S.D. dependent var
	0.866594

	S.E. of regression
	0.101797
	    Akaike info criterion
	-1.672990

	Sum squared resid
	0.321239
	    Schwarz criterion
	-1.582292

	Log likelihood
	29.60433
	    F-statistic
	2288.078

	Durbin-Watson stat
	0.341099
	    Prob(F-statistic)
	0.000000


------------------------------------------------------------------------------------------------------------------------
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VIII. Clinical Trials: Comparing Success(Failure) Rates for Experimentals and Controls

An example is a Harvard study of the effect of aspirin in reducing heart attacks (source: Larry Gonick and Woollcott Smith, Cartoon Guide to Statistics). Doctors volunteered for this study, 22,071 in all, and were randomly assigned to two groups. The study was blind, that is the subjects did not know which group they had been assigned to. The 11,037 members of the experimental group received an aspirin a day. After five years, 139 had experienced heart attacks (fatal and non fatal). The control group received a placebo (sugar pill), and 239 members were victims of heart attacks during this period. Was the aspirin effective?

The proportion of experimentals with heart attacks was 0.0126, contrasted with the proportion for controls of 0.0217. We are interested in the population proportion, pE, for the experimentals, and the population proportion, pC , for the controls. The null hypothesis is that these two proportions are equal:

H0 : pC = pE , or pC - pE = 0.

The alternative hypothesis is that the difference is not zero:


Ha : pC - pE  
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Each sample proportion has the binomial distribution and, for such large numbers, can be approximated by the normal distribution. The difference in the proportions for these independent samples is approximately normal and we can use the z statistic:


Z = [
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Since the two samples are independent ( because of random assignment). We can use the sample proportions to estimate the variances:


SE 
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= { [0.0217 ( 1- 0.0217)/ 11,034] + [0.0126 ( 1 – 0.0126)/ 11,039}1/2 



= 0.00175,

and the z statistic is:


z = (0.0217 – 0.0126)/0.00175  = 5.20.

We reject the null hypothesis. Aspirin makes a difference and aspirin manufacturers advertise its advantages in combating heart attacks on TV, as well as extolling its effectiveness as a pain reliever.

IX. Experimental Design

The three basic principles of experimental design are (1) randomization, (2) replication, and (3) local control. Random assignment of treatments to the subjects helps control for unknown factors and limits unwanted variation in the response of the subjects to the treatments. Replication assigns the same treatments to different experimental units, or subjects, enabling assessment of natural variability and measurement error. Local control is any method that accounts for and reduces natural variability. One method of local control is to group similar experimental units into blocks.

An example of experimental design is paired comparisons, taken from Gonick and Smith. The issue for a taxi cab company is which gasoline, brand A or brand B, gives better mileage and cuts costs. Each cab and driver is an experimental unit or subject. Naturally, mileage varies considerably from one cab and driver to the next. To control for this variability, brand A and brand B are assigned to the same cab. This is local control, using each cab and cabbie as a block. Replication is achieved by repeating this treatment across all the cabs. Randomization is introduced by assigning brand A and Brand B at random, for example on Tuesday or Wednesday, to each cab. This randomization helps to control variability due to changes in the weather, such as rain, or in traffic conditions from day to day. The data is reproduced in Table 1.

The null hypothesis is that there is no difference in mileage between brands.

H0: d = 0.

The alternative hypothesis is that there is a difference.


Ha: d 
[image: image102.wmf]¹

 0.

The t-statistic for the test is:


t =  (
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- 0)/(SDd)/
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  = -0.60/(0.61/3.162) = 3.11.

For a significance level of ( = 5%, t0.025 = 2.26 for 9 degrees of freedom. So we reject the null and recommend brand B.

Table 1: Miles Per Gallon for Brand A and Brand B

	Cab
	Brand A
	Brand B
	Difference

	1
	27.01
	26.95
	0.06

	2
	20.00
	20.44
	-0.44

	3
	23.41
	25.05
	-1.64

	4
	25.22
	26.32
	-1.10

	5
	30.11
	29.56
	0.55

	6
	25.55
	26.60
	-1.05

	7
	22.23
	22.93
	-0.70

	8
	19.78
	20.23
	-0.45

	9
	33.45
	33.95
	-0.50

	10
	25.22
	26.01
	-0.79

	Sample Mean 
	25.20
	25.80
	-0.60

	Standard Deviation
	4.27
	4.10
	0.61
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