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Probability Models

I. Introduction

So far we have used probability as a foundation for the binomial and normal distributions. Then we have used these distributions as the models underlying our statistics, such as the z variable, normal with mean zero and variance one. Interval estimation and hypothesis testing were based on such models. Student’s t-distribution was based on a more elaborate model for a random variable that was the ratio of a z variable to a Chi-Square variable.

But probability can be used directly for analysis. We will begin by studying an application of Bayes Theorem, using conditional probability, joint probability, and marginal probability to calculate the likelihood a patient has a disease given that his/her test for the disease was positive.

II. Bayes Theorem and Conditional Probability

There are two underlying events in this example of epidemiology and statistics. First, an individual is sick (has the disease), event S, or does not, event 
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, and second, the individual tests positive for the disease, event P, or does not, event 
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. A two by two tableau is depicted in Table 1, showing the four joint probabilities, such as the individual testing positive and having the disease, p(S(P). The marginal probabilities are shown along the right side and the bottom of this tableau.

The underlying facts are that (1) the incidence of the disease in the population is one in a thousand, p(S) = 0.001, (2) the probability of testing positive for the disease given that you have it is ninety nine out of one hundred, p(P/S) = 0.99, and (3) the probability of a false positive, i.e. testing positive even if you do not have the disease, is only two in a hundred, i.e.
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 = 0.02. Note that the test seems reasonably accurate or reliable.

The issue for the patient and the physician is what is the probability the patient has the disease if the test comes back positive, i.e. what is p(S/P)?

--------------------------------------------------------------------------------

Table 1: Testing for a Disease, Joint and Marginal Probabilities

	
	S: Diseased
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	p(S(P)
	p(
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------------------------------------------------------------------------------------------

We use the facts to fill out the tableau, as indicated in Table 2.

--------------------------------------------------------------------------------

Table 2: Testing for a Disease, Joint and Marginal Probabilities, Some Numbers

	
	S: Diseased
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	P: Test Positive
	p(S(P)
	p(
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	p(S) = 0.001
	p(
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------------------------------------------------------------------------------------------

We can use conditional probability and our facts to extend our knowledge:

p(P/
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(1)

0.02 * 0.999 = 0.01998





(2)

and

p(P/S) p(S) = p(P(S)






(3)

0.99*0.001 = 0.00099






(4)

The calculation of these two joint probabilities can be used to fill in the tableau even more:

----------------------------------------------------------------------------------

Table 3: Testing for a Disease, Joint and Marginal Probabilities, Sufficient Info

	
	S: Diseased
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: Healthy
	

	P: Test Positive
	p(S(P) = 0.00099
	p(
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	p(S) = 0.001
	p(
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------------------------------------------------------------------------------------------

There is now sufficient information to fill in all of the remaining blanks.


We are interested in the conditional probability, p(S/P), the probability we have the disease given that we tested positive:


p(S/P) p(P) = p(S(P)






(5)


p(S/P) 0.02097 = 0.00099





(6)


p(S/P) = 0.0472.






(7)

So, despite the apparent accuracy of the test, with a conditional probability of testing positive if you have the disease of 0.99, and a conditional probability of testing positive if you are healthy of 0.02, the calculated conditional probability the patient has the disease given the test comes back positive is less than 5%. So the test is not all that informative. This is called the false positive paradox and is another good reason to have a good doctor, and to be involved in your own health care. Both the patient and the doctor need to conduct further tests and further diagnoses before settling on a course of treatment.


The tableau provided a cognitive and organized methodology for using the facts to derive their implications for decision making. We could take a short cut by combining Eq.’s (3) and (5):


p(P/S) p(S) = p(P(S) = p(S/P) p(P) 



(8)


p(S/P) = [p(P/S) p(S)]/p(P) = 0.99*0.001/p(P)


(9)

and we still need p(P) to get the conditional probability that answers our question. Looking at Table 1, we see


p(P) = p(S(P) + p(
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= p(P/S) p(S) + p(P/
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So, by combining Eq.’s (9) and (11) we obtain:


p(S/P) = [p(P/S) p(S)]/[ p(P/S) p(S) + p(P/
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This is called Bayes Theorem.

III. Duration Models, Failure Times, and the Exponential Distribution

Duration studies or failure time analysis involve issues such as (1) the length of time an individual is unemployed before obtaining a job, (2) the length of time an individual is on welfare before leaving the rolls, (3) the duration of economic expansions or booms, and (4) the length of life for a patient after receiving a therapy, such as a heart bypass operation. From the last example, you can see that this type of statistics has a history in medicine as well as economics, and terms such as “number at risk” carry over.


For illustration, we will look at the length of expansions since World War II, the number of months between the trough of the business cycle and its peak. These turning points are established by the National Bureau of Economic Research, and the information is published on occasion in Survey of Current Business, published monthly by the U.S. Department of Commerce.


The timing of the post-war business cycles is reproduced in Table 4.

---------------------------------------------------------------------------------

Table 4: Duration of Post-War Economic Expansions in Months

	Trough
	Peak
	Duration

	October 1945
	November 1948
	37

	October 1949
	July 1953
	45

	May 1954
	August 1957
	39

	April 1958
	April 1960
	24

	February 1961
	December 1969
	106

	November 1970
	November 1973
	36

	March 1975
	January 1980
	58

	July 1980
	July 1981
	12

	November 1982
	July 1990
	92

	March 1991
	March 2001
	120

	November 2001
	? not decided yet Sept 2007
	70 so far


For all continuous distributions, the survivor function, S(t), is defined as:


S(t) = 1 – F(t),







(13)

Where F(t) is the cumulative distribution function. The hazard function is defined as the ratio of the probability density, f(t), to the survivor function,


h(t) = f(t)/S(t)
,






(14)

and is a measure of the probability of failure at time t given that you have survived to that point, i.e. lasted that long. Thus the hazard rate for the current economic boom at 125 months is the probability that this expansion will fail now given that it lasted this long.


The duration of the ten post-war expansions, in months, are listed in ascending order in Table 5. What we know about the current expansion is that it is, so far,  120

months long. The trough has not yet been decided for the current expansion, so we do not know how long it is. Such an observation is called censored. Each of the other expansions has an exact failure time, and there are no ties, so each of these observations is an exact failure time for an expansion. For example, the expansion that failed in July 1981 failed after twelve months, and this single expansion was completed as indicated by the second column of Table 5, that shows the number of expansions ending at that duration. If two expansions had ended after twelve months, then this number ending would be two. 


The number of expansions at risk of failure at twelve months was ten, i.e. all of them, and then the number at risk at 24 months was nine, and so on, as indicated in column three of Table 5. The Kaplan-Meier estimate of the interval hazard rate is the number of expansions ending (one for all of these observations) divided by the number at risk, i.e. column two divided by column three, and is listed in column five. If some of the observations were censored, the number at risk would be corrected by subtracting the number censored before dividing to obtain the interval hazard rate. This is not an issue in this simple example. 

---------------------------------------------------------------------------------------------------------

Table 5: Estimated Hazard Rate and Survivor Function for Ten Post-War Expansions

	Duration
	# End
	# At Risk 
	Interval
	Int. Haz.
	Haz./Mth.
	Ratio
	Surv.

	0
	0
	10
	
	
	
	1
	1

	12
	1
	10
	12
	0.1000
	0.00833
	0.9000
	0.9

	24
	1
	9
	12
	0.1111
	0.00925
	0.8889
	0.8

	36
	1
	8
	12
	0.1250
	0.01042
	0.8750
	0.7

	37
	1
	7
	1
	0.1429
	0.14286
	0.8571
	0.6

	39
	1
	6
	2
	0.1667
	0.08333
	0.8333
	0.5

	45
	1
	5
	6
	0.2000
	0.03333
	0.8000
	0.4

	58
	1
	4
	13
	0.2500
	0.01973
	0.7500
	0.3

	92
	1
	3
	34
	0.3333
	0.00980
	0.6667
	0.2

	106
	1
	2
	14
	0.5000
	0.03571
	0.5000
	0.1

	120
	1
	1
	14
	1
	0.07143
	0
	0


------------------------------------------------------------------------------------------------------------
 

But the interval between the duration of expansions, is not constant. This interval is calculated from column one and listed in column four. The hazard rate per month is the interval hazard rate divided by the interval in months, and is listed in column six and plotted against the duration of the expansion in Figure 1.

[image: image1.wmf]S


Most of the hazard rate estimates fall between zero and 0.04, around a central tendency of 0.02. The exceptions are the two expansions ending in November 1948 and in August 1957. These have durations of 37 and 39 months, and intervals between durations of only one month and two months, respectively. Since the interval hazard rate is divided by the interval to obtain the hazard rate per month, dividing by such small intervals for these two observations may have inflated the results.

-----------------------------------------------------------------------------------------------------

-------------------------------------------------------------------------------------------

The Kaplan Meier estimate of the survivor function is calculated by subtracting the number of expansions ending from the number at risk and then dividing this difference by the number at risk. This ratio is listed in column seven of Table 5. There is one more step to complete the calculation. This calculated ratio at each duration is multiplied by the ratio at the previous duration. This result is listed in the last column and plotted in Figure 2.

Note that the estimated survivor function in this simple example is exact, 1, 0.9, 0.8 etc. This is because we could have calculated it from the cumulative distribution function. The first expansion, with duration 12 months, is one tenth of the observations and so has a cumulative distribution value, F(12), of 0.1. The second expansion (observation), has a duration of 24 months and we have now used 20 % of the observations, two out of ten, so the value for its distribution function, F(24), is 0.2. Subtracting these values of the distribution function from one results in the survivor function, nice even decimals. The Kaplan-Meier estimate was explained to deal with the more general procedure.
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In addition to the exploratory graphical analysis using Kaplan-Meier estimates, the survivor function can be estimated using a parametric approach, for example modeling the survivor function on the assumption that the duration times are exponentially distributed, with density function:

f(t) = ( exp[-(t]






(15)

The cumulative distribution function can be obtained by integrating the density:


F(t) = 
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= - exp[-(u]
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(17)



= 1 – exp[-(t]






(18)

Therefore the survivor function for the exponential is :


S(t) = 1- F(t) = exp[-(t]. 





(19)

The hazard function for the exponential is a constant:


h(t) = f(t)/ S(t) = ( exp[-(t]( exp[-(t] = (. 



(20)


The estimated survivor function from Table 5 is plotted against the duration of the expansion in Figure 3, and an exponential trendline is fitted to the observations. The estimated value of lambda for this figure is 0.0217. Note the estimated survivor function does not go though one at duration zero. The exponential trendline can be constrained to do this, as illustrated in Figure 4.


The mean of the exponential distribution is 1/(, which can be verified by integration by parts:


E(t) = 
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(21)

So the average duration for post-war expansions is 46 months, or nearly four years. The average duration for the constrained case, see Figure 4, is 53 months.


One interesting property of the exponential distribution is that it is “memoryless”. One might think that the current expansion of 125 months, not only the longest post-war expansion, but the longest expansion since before the Civil War, might be running on fumes. But if the exponential distribution is an appropriate assumption, then 

--------------------------------------------------------------------------------------------------------
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------------------------------------------------------------------------------------------------

the expected duration, even after having survived for 125 months, is still 46 months.


In general, the expected duration, DURC, conditional on having survived until time (, is:


DURC(() = 
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Where the conditional density, g(t/t
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 for this truncated distribution is:


g(t/t
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-----------------------------------------------------------------------------------------

[image: image44.wmf]Figure 3: Exponential Trendline Fitted to Estimated Survivor Function
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----------------------------------------------------------------------------------------------------------

and 1 – F(() is the survivor function evaluated at (, i.e. S((), and corrects the density f(t) for the conditional probability that the duration is ( or above, in our case 127 months or more. 

For the exponential distribution, DURC((), equals ( + 1/(, which can be confirmed by integrating Eq. (22) by parts, using the exponential density for f(t) and F(t).

The expected remaining duration, REM((), equals the expected duration conditional on surviving until (, DURC((), minus the duration already achieved, (:


REM(() = DURC(() - (, 





(24)

Which for the exponential is:



= (( + 1/() - ( = 1/(. 





(25)

So, if the duration of expansions is distributed exponentially, the expected remaining lifetime for the current expansion is 46 months, no different than its expected duration when it started on March 1991. This probably would have been good news prior to September 11. If the assumption is true, and using the exponential is appropriate, the fact that the current boom has lasted so long does not bias its remaining time to be shorter than 46 months. In fact the Survey of Professional Forecasters is not yet forecasting a recession, as of their most recent release on August 23, 2001.(http://www.phil.frb.org).


Use of the exponential distribution function to model duration times has some baggage, as we have seen. It assumes the probability of failure conditional on the current lifetime, i.e. the hazard rate, is a constant. It also assumes the no memory feature. A popular alternative is the Weibull distribution, where the hazard rate can be increasing, constant, or decreasing with duration time. The survivor function for the Weibull distribution is:


S(t) = exp[-(t/()(]






(26)

Taking the logarithmic transformation, ln,


ln[S(t)] = ln{ exp[-(t/()(]} = - (1/()( t( 



(27)

since the logarithmic function is the inverse of the exponential function, ie. ln[exp(x)] =x. We could plot the logarithm of the survivor function ln[S(t)] against duration t, but this equation is still non-linear in the two parameters ( and (. It is non-linear in the parameters if a derivative with respect to a parameter depends on the parameters. For example: 
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(28)


This issue of the Weibull raises a number of issues including (1) transformations of equations to make them linear for least squares, and (2) what to do when we can not find a transformation that permits the use of ordinary least squares. There is a feature for non-linear least squares estimation in EViews. In Lecture Eleven, we will touch briefly on the Weibull, useful transformations, non-linear least squares, and the use of the Poisson distribution as an approximation to the binomial distribution. This is another example of a probability model, as applied to arrivals, such as customers in a queue, telephone calls, or suicides, events with small probabilities. 
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