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Devwudfw

Zh ghyhors d prgho lq zklfk lqyhvwruv pxvw ohduq wkh glvwulexwlrq ri
dvvhw uhwxuqv ryhu wlph1 Wkh surfhvv ri ohduqlqj lv pdgh pruh gl!fxow e|
wkh idfw wkdw wkh glvwulexwlrqv duh qrw frqvwdqw wkurxjk wlph1 Zh frqvlghu
ulvn0qhxwudo lqyhvwruv zkr kdyh txdgudwlf xwlolw| dqg duh vhohfwlqj ehwzhhq
wzr ulvn| dvvhwv1 Zh ghwhuplqh wkh wlph dw zklfk lw lv rswlpdo wr xsgdwh wkh
glvwulexwlrq hvwlpdwh dqg khqfh/ dowhu sruwirolr zhljkwv1 Rxu uhvxowv gholyhu
dq rswlpdo srolf| iru dvvhw doorfdwlrq/ wkdw lv/ wkh vhtxhqfh ri wlph lqwhuydov
dw zklfk lw lv rswlpdo wr vzlwfk ehwzhhq dvvhwv/ edvhg rq vwrfkdvwlf rswlpdo
frqwuro wkhru|1 Lq dgglwlrq/ zh ghwhuplqh wkh wlph lqwhuydov lq zklfk dvvhw
vzlwfklqj ohdgv wr d orvv zlwk kljk suredelolw|1 Zh surylgh hvwlpdwhv ri wkh
h�hfwlyhqhvv ri wkh rswlpdo srolf|1

41 Lqwurgxfwlrq

Udwlrqdo h{shfwdwlrqv kdv hvwdeolvkhg d orqj wudglwlrq lq hfrqrplfv1 Wkh wkhru| ri
udwlrqdo h{shfwdwlrqv kdv wzr frpsrqhqwv= �uvw/ wkdw lqglylgxdov pd{lpl}h d vshf0
l�hg ixqfwlrq vxemhfw wr frqvwudlqwv> dqg vhfrqg/ wkdw wkh frqvwudlqwv shufhlyhg
e| lqglylgxdov duh pxwxdoo| frqvlvwhqw1 Lq dssolfdwlrqv wr sruwirolr vhohfwlrq lq
�qdqfh/ wkh vhfrqg frpsrqhqw w|slfdoo| phdqv wkdw wkh lqglylgxdov nqrz wkh xq0
ghuo|lqj suredelolw| glvwulexwlrqv iru dvvhw uhwxuqv1 Dv Vdujhqw +4<<6, ghvfulehv/
ehfdxvh lqglylgxdov duh dvvxphg wr nqrz wkh xqghuo|lqj glvwulexwlrqv/ prgholqj
lqglylgxdo ohduqlqj lv qrw d fhqwudo ihdwxuh ri d udwlrqdo h{shfwdwlrqv htxloleulxp1
Uhfhqwo|/ d olwhudwxuh kdv ghyhorshg wkdw pryhv dzd| iurp udwlrqdo h{shfwdwlrqv



e| uhprylqj wkh vhfrqg frpsrqhqw1 Wkdw lv/ lqglylgxdov vwloo pd{lpl}h d vshfl�hg
ixqfwlrq/ exw wkh| gr vr lq wkh suhvhqfh ri xqfhuwdlqw| derxw wkh xqghuo|lqj sure0
delolw| glvwulexwlrq1 Wr uhvroyh wkh xqfhuwdlqw|/ wkh lqglylgxdov ohduq derxw wkh
xqghuo|lqj glvwulexwlrq lq pxfk wkh vdph zd| wkdw wkh hfrqrphwulfldq vwxg|lqj
wkh sureohp grhv/ e| revhuylqj gdwd dqg uhylvlqj hvwlpdwhv ri wkh gdwd jhqhudwlqj
surfhvv1 Pxfk lv qrz nqrzq derxw krz djhqwv ohduq lq hqylurqphqwv zkhuh wkh
xqghuo|lqj glvwulexwlrqv duh xqfkdqjlqj wkurxjk wlph1 Zh vwxg| ohduqlqj lq dq
hqylurqphqw lq zklfk wkh xqghuo|lqj glvwulexwlrqv duh fkdqjlqj wkurxjk wlph1

Wr vwxg| ohduqlqj lq d wlph0ydu|lqj hqylurqphqw/ zh frqvlghu d ulvn0qhxwudo
lqyhvwru zkr lv vhohfwlqj ehwzhhq wzr ulvn| dvvhwv1 Wkh xqghuo|lqj glvwulexwlrqv
wkdw jhqhudwh wkh uhwxuqv iru wkh wzr dvvhwv fkdqjh dw xqnqrzq srlqwv lq wlph1
Wkh lqyhvwru wkxv idfhv wzr vrxufhv ri xqfhuwdlqw|= �uvw/ wkh xqfhuwdlqw| derxw wkh
glvwulexwlrqv ri wkh wzr dvvhwv lq wkh �uvw shulrg> dqg vhfrqg/ wkh xqfhuwdlqw| wkdw
uhvxowv iurp wkh fkdqjhv lq wkh glvwulexwlrqv ryhu wlph1 Ehfdxvh wkh glvwulexwlrqv
fkdqjh dw xqnqrzq srlqwv lq wlph/ wkh sureohp lv pruh frpsolfdwh wkdq w|slfdoo|
dulvhv lq vwdqgdug prghov ri ohduqlqj1 Zh ghulyh wkh rswlpdo sruwirolr doorfdwlrq
vwudwhj| iru wkh lqyhvwru edvhg rq vwrfkdvwlf rswlpdo frqwuro wkhru|1

Wr xqghuvwdqg krz vwrfkdvwlf rswlpdo frqwuro wkhru| uhodwhv wr wkh ulvn0qhxwudo
lqyhvwru*v sruwirolr doorfdwlrq sureohp/ frqvlghu wkh iroorzlqj prgho1 Ohw wkh
wzr dvvhwv eh odehohg dvvhw 4 dqg dvvhw 5 dqg dvvxph wkdw wkh uhwxuqv rq wkh
dvvhwv duh lqghshqghqw1 Udwkhu wkdq prgholqj wkh uhwxuqv wr dq dvvhw gluhfwo|/
ohw wkh uhwxuqv wr dq dvvhw lq d jlyhq shulrg frqvlvw ri wkh vxp ri fdvk sd|phqwv
+ru  rzv, wkdw rffxu ryhu wkh shulrg1 Hdfk sd|phqw lq wkh fdvk  rz vwuhdp
lv lghqwlfdo/ erwk dfurvv wlph dqg dvvhwv/ wkh yduldwlrq lq uhwxuqv lv lqwurgxfhg
wkurxjk yduldwlrq lq wkh iuhtxhqf| zlwk zklfk fdvk  rzv duh sdlg1 Wkh fdvk  rz
vwuhdp iru hdfk ri wkh dvvhwv lv d Srlvvrq surfhvv1 Lw lv nqrzq wkdw wkh lqwhqvlw|
ri wkh xqghuo|lqj Srlvvrq surfhvv fdq wdnh rq rqo| wzr ydoxhv/ jlyhq e| b : >/
dqg wkdw wkh surfhvv xqghuo|lqj dvvhw 4 kdv d gl�huhqw phdq wkdq wkh surfhvv
xqghuo|lqj dvvhw 51 Ixuwkhu/ wkh uhwxuqv surfhvv ri wkh wzr dvvhwv vzlwfkhv dw
udqgrp srlqwv lq wlph xqnqrzq wr wkh lqyhvwru1 Wkh srlqwv lq wlph dw zklfk wkh
phdq fdvk  rz iurp dvvhw 4 vzlwfkhv ehwzhhq b dqg > duh ghwhuplqhg e| d wklug
lqghshqghqw Srlvvrq surfhvv wkdw kdv lqwhqvlw| @1 Wkxv wkh lqyhvwru*v sureohp lv
g|qdplf> wkh lqyhvwru qhhgv wr ghwhuplqh zklfk dvvhw kdv wkh xqghuo|lqj Srlvvrq
surfhvv zlwk lqwhqvlw| b dw d jlyhq prphqw lq wlph1

E| prgholqj wkh fdvk  rzv jhqhudwhg e| hdfk dvvhw/ zh duh deoh wr olqn gluhfwo|
wr vwrfkdvwlf rswlpdo frqwuro wkhru|1 Wkh xqghuo|lqj gdwd jhqhudwlqj surfhvv iru
wkh fdvk  rzv fruuhvsrqgv wr wkh wzr dupv ri wkh �wzr0duphg edqglw� wkdw lv

5



vwxglhg lq wkh vwrfkdvwlf frqwuro olwhudwxuh1 Ehfdxvh wkh uhwxuqv surfhvv vzlwfkhv
dw udqgrp srlqwv lq wlph/ wkh sruwirolr doorfdwlrq sureohp fruuhvsrqgv wr wkh
wzr0duphg edqglw sureohp zlwk xqrevhuyhg vzlwfklqj ehwzhhq dupv vwxglhg e|
Grqfkhy +4<<8,1

Zh ghvfuleh wkh lqyhvwru*v sureohp zlwk vwdwlvwlfdo k|srwkhvhv1 Wkh qxoo k|0
srwkhvlv lv wkdw dvvhw 4 kdv wkh orzhu phdq uhwxuq/ >/ dw d vshfl�f shulrg1 Zh
ghqrwh wklv k|srwkhvlv M

�
1 Dw hdfk prphqw lq wlph wkh lqyhvwru fdofxodwhv wkh

suredelolw| wkdw M
�
lv wuxh1 Lq shulrg 3 wkh lqyhvwru ehjlqv zlwk rqh groodu dqg

wkh d sulrul suredelolw| % wkdw M
�
lv wuxh14 Wkh lqyhvwru*v sodq/ ru srolf|/ frqvlvwv

ri wkh lqyhvwphqw doorfdwlrq iru hdfk shulrg1 Li zh ohw wkh udqgrp yduldeoh L
|

lqglfdwh wkh sursruwlrq ri wkh groodu wkdw lv lqyhvwhg lq dvvhw 4 lq shulrg |/ wkhq
wkh lqyhvwru*v srolf| lv d udqgrp surfhvv Z ' iL

|

j
|Df

zkhuh iru hdfk shulrg |/ wkh
udqgrp yduldeoh f � L

|

� � ghshqgv rqo| rq sdvw revhuydwlrqv ri uhwxuqv wr wkh
wzr dvvhwv1 +Zh dvvxph wkdw wkh lqyhvwru revhuyhv uhwxuqv iurp erwk dvvhwv dw
hdfk srlqw lq wlph1, Zh ohw �

�
E|� eh wkh qxpehu ri fdvk sd|phqwv wkdw dffuxh

wr wkh lqyhvwru iurp dvvhw 4 ryhu wkh wlph vsdq dfc |o dqg ohw �
2
E|� eh gh�qhg

dqdorjrxvo| iru dvvhw 51
Wkh qxpehu ri fdvk sd|phqwv wkdw dffuxh wr dq lqyhvwru ryhu wkh shulrg Efc A �

lv ]
A

f

E_�
�
E|� n _�

2
E|���

Ehfdxvh wkh qxpehu ri fdvk sd|phqwv lv udqgrp/ zh zrun zlwk wkh h{shfwhg
qxpehu ri fdvk sd|phqwv1 E| frqvwuxfwlrq/ wkh pd{lpxp ydoxh ri wkh h{shfwhg
qxpehu ri fdvk sd|phqwv ryhu wkh shulrg Efc A � lv bA 1 Wkh h{shfwhg qxpehu
ri fdvk sd|phqwv uhfhlyhg e| wkh lqyhvwru ghshqgv erwk rq wkh srolf| Z dqg rq
%/ zklfk lv wkh lqlwldo suredelolw| wkdw dvvhw 4 lv wkh kljkhu phdq uhwxuq dvvhw1
Wkh h{shfwhg gl�huhqfh ehwzhhq dq lqyhvwru*v fdvk sd|phqwv dqg wkh pd{lpxp
qxpehu ri fdvk sd|phqwv/ ghqrwhg �ZE%�/ lv

�ZE%� ' .Z

%

]
"

f

E_�
�
E|� n _�

2
E|�� b_|� 	 fc +414,

zkhuh .Z

%

ghqrwhv wkh h{shfwdwlrq frqvwuxfwhg xqghu srolf| Z zlwk d sulrul sure0
delolw| %1 Wkh srolf| ) lv rswlpdo li

�)E%� 't�T
Z

�ZE%�� +415,

4Iru qrwdwlrqdo vlpsolflw|/ zh �{ wkh lqyhvwphqw edvh dw rqh groodu/ wkdw lv wkh lqyhvwru
frqvxphv hdfk fdvk sd|phqw dv vrrq dv lw lv uhfhlyhg1
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Wkh txdqwlw| �)E%� fruuhvsrqglqj wr wkh rswlpdo srolf| lv vdlg wr eh d ydoxh
ixqfwlrq ri wkh sureohp1 Ohw 8

|

ghqrwh doo revhuydwlrqv rq �
�
E|� dqg �

2
E|� xs

wr wlph |1 Wkh frqglwlrqdo/ ru d srvwhulrul/ suredelolw| wkdw M
�
lv wuxh lv %

|

'
�
%

EM
�
m 8

|

�/ zklfk ghshqgv rq wkh d sulrul suredelolw| %1 Lq zkdw iroorzv/ zh dw
wlphv uhihu wr %

|

dv wkh frqwuro1
Lq dq lqwhuydo ri ohqjwk A / d Srlvvrq surfhvv zlwk phdq fdvk  rz b jhqhudwhv

bA fdvk sd|phqwv rq dyhudjh1 Wkh sdudphwhu b lv wkh mxps udwh ri wkh Srlvvrq
surfhvv/ zklfk lv wkh h{shfwhg qxpehu ri fdvk sd|phqwv +ru mxpsv, wkdw dffuxh
ryhu rqh shulrg1 Wkdw lv/ li ._�

�
E|� ' b_|/ wkhq b lv wkh mxps udwh iru �

�
E|�1

Ehfdxvh �
�
E|� lv wkh qxpehu ri fdvk sd|phqwv wkdw  rz wr wkh lqyhvwru iurp dvvhw

4/ wkh mxps udwh iru �
�
E|� ghshqgv rq erwk wkh mxps udwh iru wkh dvvhw dqg rq wkh

lqyhvwru*v shufhswlrq derxw wkh txdolw| ri dvvhw 41 +Fohduo|/ li wkh lqyhvwru wklqnv
dvvhw 4 lv lqihulru wr dvvhw 5 ryhu wkh hqwluh lqwhuydo dqg vr lqyhvwv qrwklqj lq dvvhw
4/ wkh mxps udwh iru �

�
E|� lv }hur hyhq li wkh xqghuo|lqj dvvhw dfwxdoo| jhqhudwhg

fdvk  rzv1, Wkh lqyhvwru*v frqglwlrqdo h{shfwdwlrq ri wkh mxps udwh iru �
�
E|� lv

L
|

d>%
|

n bE� � %
|

�o/ zkhuh L
|

phdvxuhv wkh sursruwlrq ri wkh groodu lqyhvwhg lq
dvvhw 4 dqg %

|

lv wkh lqyhvwru*v frqglwlrqdo suredelolw| wkdw dvvhw 4 kdv mxps udwh
>1 Vlploduo|/ wkh lqyhvwru*v frqglwlrqdo h{shfwdwlrq ri wkh mxps udwh iru �

2
E|� lv

E�� L
|

�db%
|

n >E�� %
|

�o/ vr +414, lv

�ZE%� ' �.Z

%

]
"

f

Eb� >�dL
|

%
|

n E�� L
|

�E�� %
|

�o _|� +416,

Wkh lqyhvwru*v ghflvlrq sureohp lv wr fkrrvh Z wr pd{lpl}h +416,1 Ehfdxvh
wkhuh duh wzr vrxufhv ri xqfhuwdlqw| iru wkh lqyhvwru/ wkh lqlwldo xqfhuwdlqw| derxw
zklfk dvvhw kdv wkh kljkhu h{shfwhg uhwxuq dqg wkh dgglwlrqdo xqfhuwdlqw| iurp
wkh �vzlwfklqj� ri wkh kljkhu h{shfwhg uhwxuq ehwzhhq dvvhwv/ +416, lv lq�qlwh iru
dq| uhdvrqdeoh srolf|1 Wr hqvxuh wkdw wkh ghflvlrq sureohp lv zhoo gh�qhg/ zh
lqwurgxfh d glvfrxqw idfwru q : f vr wkdw wkh lqyhvwru glvfrxqwv ixwxuh uhwxuqv1
Wkh lqyhvwru*v ghflvlrq sureohp lv wr fkrrvh Z wr pd{lpl}h

�ZE%� ' �.Z

%

]
"

f

e3q|dL
|

%
|

n E�� L
|

�E�� %
|

�o _|� +417,

Dv zh vkrz ehorz/ wr fkrrvh wkh rswlpdo ydoxh ri L
|

/ wkh lqyhvwru rqo| qhhgv
wr nqrz wkh d srvwhulrul suredelolw| %

|

1 Wkxv/ wkh rswlpdo srolf| lv d ixqfwlrq ) G
dfc �o $ dfc |o wkdw gh�qhv d fruuhvsrqghqfh ehwzhhq wkh ydoxhv ri wkh d srvwhulrul
suredelolwlhv dqg wkh rswlpdo ydoxhv ri iL

|

j1 Zh ohw L
|

' � fruuhvsrqg wr wkh
ghflvlrq wr lqyhvw wkh hqwluh groodu lq dvvhw 4/ L

|

' f fruuhvsrqg wr wkh ghflvlrq
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wr lqyhvw wkh hqwluh groodu lq dvvhw 5/ dqg wkh erxqgdu| fdvh L
|

' �

2

fruuhvsrqg
wr wkh ghflvlrq wr ohdyh wkh hqwluh groodu lqyhvwhg lq wkh dvvhw vhohfwhg lq shulrg
|� �1 Wkh rswlpdo srolf| ixqfwlrq lv ri wkh irup

)E%
|

� '

;?
=

�c %
|

	 �

2

fc %
|

: �

2

�

2

c %
|

' �

2

� +418,

Wkh lqwxlwlrq iru wkh uhvxow lv vwudljkwiruzdug1 Ehfdxvh wkh lqyhvwru lv ulvn qhxwudo/
wkh lqyhvwru fkrrvhv wr pd{lpl}h h{shfwhg uhwxuq zlwkrxw uhjdug wr ulvn1 Dv d
uhvxow/ wkh lqyhvwru zloo dozd|v fkrrvh wr lqyhvw frpsohwho| lq wkh dvvhw zlwk wkh
kljkhvw h{shfwhg uhwxuq/ vr wkh rqo| uhohydqw ydoxhv iru L

|

duh Efc �
2

c ��1
Lq Vhfwlrq 5 zh ghvfuleh wkh rswlpdo srolf| wkdw pd{lpl}hv h{shfwhg glv0

frxqwhg uhwxuqv1 Lq Vhfwlrq 6 zh rxwolqh wkh surri ri rxu pdlq uhvxow/ qdpho| wkh
rswlpdo srolf| iru +417,/ dqg flwh vhyhudo uhvxowv iurp Grqfkhy +4<<8, wkdw fkdudf0
whul}h i%

|

j1 +Frpsohwh surriv ri doo dx{loldu| uhvxowv duh jlyhq lq wkh dsshqglfhv1,
Lq Vhfwlrq 7 zh frqvlghu wkh fdvh > ' f1 Li > ' f/ wkh sureohp lv vlpsol�hg lq vxfk
d zd| wkdw zh rewdlq h{solflw irupxodv iru wkh glvfrxqwhg h{shfwhg uhwxuqv wkdw
fruuhvsrqg wr wkh rswlpdo srolf|1 Zh xvh wkh irupxodv wr fdofxodwh wkh pd{lpxp
dyhudjh uhwxuq shu xqlw wlph1

51 Ghvfulswlrq ri Rswlpdo Srolf|

Ehiruh suhvhqwlqj wkh irupdo surri ri wkh rswlpdo sruwirolr doorfdwlrq srolf|/ zh
ghvfuleh wkh uhvxowv lq d qrqwhfkqlfdo zd|1 Wkh nh| wr xqghuvwdqglqj wkh ghulyd0
wlrq ri wkh rswlpdo srolf| frqvlvwv ri wzr sduwv= �uvw/ wkdw wkh rswlpdo srolf|
ghshqgv rqo| rq wkh surfhvv i%

|

j/ dqg vhfrqg/ wkdw wkh surfhvv i%
|

j ghshqgv rq
wkh lqyhvwru*v revhuydwlrqv rq fdvk  rzv1 Wr vshfli| wkh lqyhvwru*v revhuydwlrqv
rq fdvk  rzv/ ohw � W

�

E|�/ iru � ' �c 2/ eh wkh  rz ri fdvk sd|phqwv iurp dvvhw �1
Qrwh wkdw �W

�

E|� lv wkh  rz ri fdvk sd|phqwv jhqhudwhg e| dvvhw �/ dqg vr grhv qrw
ghshqg rq wkh lqyhvwru*v sruwirolr doorfdwlrq iL

|

j/ zkloh �
�

E|� lv wkh  rz ri fdvk
sd|phqwv jhqhudwhg e| dvvhw � wkdw dffuxh wr wkh lqyhvwru/ dqg vr grhv ghshqg rq
wkh lqyhvwru*v sruwirolr doorfdwlrq iL

|

j1
Wr fdswxuh wkh lqyhvwruv revhuydwlrqv rq fdvk  rzv zh vshfli| wkh surfhvv

7E|� '
� n

U
|

f

�W

�

Er�_r

� n
U
|

f

�W

2

Er�_r
c +514,
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zklfk wkh lqyhvwru lv dvvxphg wr prqlwru1 E| frqvwuxfwlrq 7Ef� ' �1 Dq dgydq0
wdjh ri prqlwrulqj wkh udwlr lv wkdw wkh lqyhvwru qhhgv wr nhhs wudfn ri rqo| rqh
surfhvv1 Xqiruwxqdwho|/ lw lv qrw hdv| wr rewdlq vroxwlrqv iru vxfk d udwlr li > : f1
Wr wuhdw wkh fdvh iru zklfk > : f/ zh dovr ghulyh uhvxowv zkhq wkh lqyhvwru pxvw
prqlwru wzr fdvk  rz surfhvvhv/ gh�qhg dv

7
�
E|� '

]
|

f

�W

�

Er�_rc +515,

7
2
E|� '

]
|

f

�W

2

Er�_rc

zkhuh 7
�
Ef� ' 7

2
Ef� ' f1 Zh dovr dvvxph wkdw lq dowhulqj wkh sruwirolr doorfdwlrq

wkh lqyhvwru ehduv wudqvdfwlrq frvwv1 Zh ehjlq dw shulrg 3 dqg vwxg| wkh dfwlrqv
ri dq lqyhvwru ryhu wkh wlph lqwhuydo dfc |

�

o1 Vxssrvh wkdw % 5 dfc �Do/ vr wkdw wkh
lqyhvwru eholhyhv wkdw lw lv pruh olnho| wkdw dvvhw 4 kdv wkh kljkhu phdq uhwxuq1
Lqlwldoo|/ wkh lqyhvwru sodfhv wkh hqwluh groodu lq dvvhw 41

Wr uhodwh wkh uhodwlyh rxwfrph ri d jlyhq lqyhvwphqw sodq/ �ZE%�/ wr wkh xqghu0
o|lqj fdvk  rz surfhvvhv/ zh vsolw wkh srvlwlyh wlph d{lv lqwr vhtxhqwldo lqwhuydov1
Li wkh �uvw lqwhuydo uhsuhvhqwv d shulrg lq zklfk dvvhw 4 kdv wkh kljkhu lqwhqvlw|
fdvk  rz b/ wkhq wkh vhfrqg lqwhuydo uhsuhvhqwv d shulrg lq zklfk dvvhw 5 kdv
wkh kljkhu lqwhqvlw| fdvk  rz1 Wkh srlqwv lq wlph dw zklfk wkh phdq fdvk  rz
iurp dvvhw 4 vzlwfkhv ehwzhhq b dqg > duh ghwhuplqhg e| d wklug Srlvvrq surfhvv/
zklfk lv lqghshqghqw ri erwk �

�
E|� dqg �

2
E|�/ wkdw kdv lqwhqvlw| @1 Wkh ohqjwk ri

dq| lqwhuydo lv udqgrp dqg lv ghwhuplqhg e| wkh duulydov iurp d Srlvvrq surfhvv
zlwk lqwhqvlw| @1

Wr xqghuvwdqg wkh lqyhvwruv sruwirolr doorfdwlrq ghflvlrqv/ zh suhvhqw wkh ghfl0
vlrqv frqiurqwhg e| wkh lqyhvwru lq hdfk fdvh1 Wkh whfkqlfdo uhvxowv wkdw xqghuslq
wkh lqyhvwruv ghflvlrq duh suhvhqwhg lq wkh qh{w vhfwlrq1 Iru hdfk ri wkh iroorzlqj
fdvhv/ zh �uvw dvvxph wkdw wkh lqlwldo frqglwlrq % 5 dfc �D�1 +Wkh fdvh % 5 E�Dc ��fo
lv v|pphwulf dv zh vkrz lq +517,1 Wkh fdvh % ' �D lv gl�huhqw/ dqg zh ghvfuleh
lw ehorz1, Zh looxvwudwh wkh rswlpdo vwudwhj| iru hdfk fdvh e| h{dplqlqj rqh
wudmhfwru|1

Fdvh 41 Zh ehjlq zlwk wkh fdvh lq zklfk wkh lqyhvwru prqlwruv wkh udwlr ri
fdvk  rzv iurp wkh wzr dvvhwv jlyhq e| +514,/ wkxv > ' f1

Vxssrvh wkh surfhvv 7E|� vwd|v ehorz 7Ef�n 0
f
ryhu wkh lqwhuydo dfc |

�

o1 +Khuh/
0
f
' 0

f
Eb� : f1 Zh doorz wkh ydoxh ri wkh wudqvdfwlrq frvwv wr ghshqg rq erwk

wlph dqg wkh lqwhqvlw| b1,5 Ehfdxvh wkh lqirupdwlrq iurp wkh revhuyhg fdvk  rzv
5Ehfdxvh wkh lqyhvwru lv prqlwrulqj wkh udwlr/ wkh ydoxh %3+�, pxvw eh fkrvhq lq vxfk d zd|
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lv qrw suhflvh hqrxjk wr ryhufrph wkh wudqvdfwlrqv frvwv/ zklfk duh ohvv wkdq 0
f
Eb�/

wkh lqyhvwru grhv qrw dowhu klv sruwirolr1 Wkh surfhvv %
|

lqfuhdvhv frqwlqxrxvo| dqg
dssurdfkhv 18/ ehfdxvh wkh ydoxh 18 fruuhvsrqgv wr wkh eholhi wkdw wkh dvvhwv duh
htxdoo| olnho| wr kdyh fdvk  rzv jhqhudwhg e| d Srlvvrq surfhvv zlwk lqwhqvlw| b1
Pruh suhflvho|/ dv zh ghulyh lq Wkhruhp 614/ %

|

vdwlv�hv wkh iroorzlqj gl�huhqwldo
htxdwlrq

%
�

|

' b%
|

E�� %
|

� n @E�� 2%
|

�c +516,

zkhuh %
�

|

' _%|

_|

1 Uhfdoo wkdw @ : f lv wkh udwh dw zklfk wkh phdq uhwxuq ri wkh
dvvhwv vzlwfkhv1

Wkh surfhvv 7E|� jrhv deryh wkh ohyho 7Ef�n0
f
Eb� iru wkh �uvw wlph dw wlph |

�

:
|
�

1 Dw wkh srlqw |
�

wkh h{lvwlqj revhuydwlrqv lqglfdwh wkdw dvvhw 4 lv wkh ehwwhu
dvvhw/ vr %

|

mxpsv lqvwdqwdqhrxvo| wr 3/ wkdw lv %
|�

' f1 Dw wlph |
�

wkh erxqg iru
zklfk wkh lqyhvwru uhvhwv %

|

dqg vr srwhqwldoo| dowhuv sruwirolr zhljkwv ehfrphv
7E|

�

�n0
�

Eb�1 Li wkh ydoxh ri 7E|� vwd|v ehorz 7E|
�

�n0
�

Eb� ryhu wkh shulrg d|
�

c |
�

o/
wkhq wkh surfhvv %

|

djdlq lqfuhdvhv frqwlqxrxvo| dqg dssurdfkhv 18 dffruglqj wr
+516,1 Dw wkh srlqw |

�

/ wkh frqwuro %
|�

' �

2

16 Dw wlph |
�

wkh erxqg iru zklfk
wkh lqyhvwru uhvhwv %

|

ehfrphv 7E|
�

� n 0
�

Eb�1Wkh frqwuro uhpdlqv dw wkh ydoxh �

2

dv orqj dv 7E|� uhpdlqv zlwklq d7E|
�

�� 0
�

Eb�c 7E|
�

� n 0
�

Eb�o1 Li 7E|� jrhv deryh
wkh ohyho 7E|

�

� n 0
�

Eb� iru wkh �uvw wlph dw |
(

n/ wkhq %
|

mxpsv lqvwdqwdqhrxvo|
wr }hur1 Li 7E|� jrhv ehorz wkh ohyho 7E|

�

�� 0
�

Eb� iru wkh �uvw wlph dw |
(

3/ wkhq
%
|

mxpsv lqvwdqwdqhrxvo| wr rqh1 Li 7E|� uhpdlqv deryh 7E|
(

3�� 0
(

3Eb�/ wkhq %
|

ghfuhdvhv frqwlqxrxvo| dqg dssurdfkhv 181 Djdlq iurp Wkhruhp 614/ %
|

vdwlv�hv
wkh iroorzlqj gl�huhqwldo htxdwlrq

%
�

|

' �b%
|

E�� %
|

� n @E�� 2%
|

�c +517,

zlwk lqlwldo frqglwlrq %
(

3 ' ��f1
Rxu rswlpdo srolf| vxjjhvwv wkdw li %

|

lv lq wkh lqwhuydo dfc �D�/ wkhq wkh lqyhvwru
vkrxog doorfdwh klv hqwluh sruwirolr wr dvvhw 41 Li %

|

lv lq wkh lqwhuydo E�Dc �o/ wkhq
wkh lqyhvwru vkrxog doorfdwh klv hqwluh sruwirolr wr dvvhw 51 Li %

|

' �D/ wkhq wkh
lqyhvwru*v ghflvlrq lv pruh frpsolfdwhg1 Zlwk %

|

frqvwdqw dw �D/ wkh lqyhvwru
eholhyhv lw htxdoo| olnho| wkdw hlwkhu dvvhw lv wkh kljk uhwxuq dvvhw dqg vr grhv qrw
fkdqjh klv lqyhvwphqw srvlwlrq1

wkdw wkh ydoxh ri w iru zklfk wkh udwlr �uvw furvvhv wkh ydoxh V+3, . %3+�, lv dq h{srqhqwldo
udqgrp yduldeoh zlwk phdq 4

�
1

6Ehfdxvh wkh surfhvv {w dssurdfkhv wkh ydoxh 4

5
frqwlqxrxvo| iurp ehorz/ wkh surfhvv fdqqrw

h{fhhg 4

5
zlwkrxw �uvw htxdolqj 4

5
1
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Wkh uhvxowv lq Vhfwlrq 6 uhyhdo wkdw xqghu wkh rswlpdo srolf|/ wkh lqyhvwru
doorfdwhv klv sruwirolr wr wkh kljk uhwxuq dvvhw dw ohdvw kdoi ri wkh wlph/ rq dyhudjh1
Li b

@

$ 4 wkhq wkh dyhudjh wlph wkdw wkh lqyhvwru doorfdwhv klv sruwirolr lq wkh
kljk uhwxuq dvvhw whqgv wr �1 Pruh suhflvho|/ li b

@

$ 4 wkhq iru

.Z

%

�
�

b|
E�

�
E|� n�

2
E|��

�
' � n }c

} $ f1 Dq h{solflw h{suhvvlrq iru } ' *�4
q�f

q�
q

E%�/ zlwk �
q

E%� lv wkh pd{lpl}hu
ri +417,/ lv frqwdlqhg lq +716,1 Lq rwkhu zrugv/ li wkh xqghuo|lqj glvwulexwlrqv ri
wkh dvvhwv vzlwfk uduho|/ wkhq wkh lqyhvwru doprvw dozd|v lqyhvwv lq wkh kljk uhwxuq
dvvhw1

Fdvh 51 Zh qrz frqvlghu wkh jhqhudo fdvh lq zklfk > � f/ vr wkh lqyhvwru
prqlwruv wkh wzr surfhvvhv jlyhq e| +515,1

Ryhu wkh lqwhuydo dfc |
�

o/ wkh surfhvv 7
�
E|� vwd|v ehorz 7

�
Ef� n 0

f
Eb� dqg wkh

surfhvv 7
2
E|� vwd|v ehorz 7

2
Ef� n B

f
E>�1 +Wkh ydoxh ri 0

f
ghshqgv rq b ehfdxvh

wkh lqlwldo ydoxh % lqglfdwhv wkdw wkh lqyhvwru eholhyhv dvvhw 4 kdv fdvk  rzv zlwk
lqwhqvlw| b1, Wkh surfhvv %

|

lqfuhdvhv frqwlqxrxvo| dqg dssurdfkhv 18/ ehfdxvh
wkh ydoxh 18 fruuhvsrqgv wr wkh eholhi wkdw wkh dvvhwv duh htxdoo| olnho| wr kdyh
fdvk  rzv jhqhudwhg e| d Srlvvrq surfhvv zlwk lqwhqvlw| b1 Pruh suhflvho|/ dv zh
ghulyh lq Wkhruhp 614/ %

|

vdwlv�hv wkh iroorzlqj gl�huhqwldo htxdwlrq

%
�

|

' Eb� >�E2L
|

� ��%
|

E�� %
|

� n @E�� 2%
|

�c f � | � |
�

zlwk lqlwldo frqglwlrq % 5 dfc �D�1
Wkh surfhvv 7

�
E|� jrhv deryh wkh ohyho 7

�
Ef� n 0

f
Eb� iru wkh �uvw wlph dw wlph

|
�

: |
�

/ zkloh wkh surfhvv 7
2
E|� uhpdlqv ehorz 7

2
Ef� n B

f
E>� ryhu wkh lqwhuydo

d|
�

c |
�

o 1 +Wkhuh lv }hur suredelolw| wkdw erwk surfhvvhv zloo ohdyh wkhuh uhvshfwlyh
lqwhuydov dw suhflvho| wkh vdph prphqw1, Dw wkh srlqw |

�

wkh h{lvwlqj revhuydwlrqv
lqglfdwh wkdw dvvhw 4 lv wkh ehwwhu dvvhw/ vr %

|

mxpsv lqvwdqwdqhrxvo| wr d orzhu
ohyho

%
|�

'
>%3

|

�

>%3
|

�

n bE�� %3
|

�

�
	 %3

|

�

c

zkhuh %3
|

�

' *�4
r�|

�
%
r

1
Wkh surfhvv 7

2
E|� jrhv deryh wkh ohyho 7

2
Ef� n B

f
E>� iru wkh �uvw wlph dw wlph

|
�

/ zkloh wkh surfhvv 7
�
E|� uhpdlqv ehorz 7

�
Ef� n 0

f
Eb� ryhu wkh lqwhuydo d|

�

c |
�

o1
Dw wkh srlqw |

�

wkh h{lvwlqj revhuydwlrqv lqglfdwh wkdw dvvhw 5 lv wkh ehwwhu dvvhw/
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vr %
|

mxpsv lqvwdqwdqhrxvo| wr d kljkhu ohyho

%
|�

'
b%3

|

�

b%3
|

�

n >E�� %3
|

�

�
�

Wkh ydoxh ri %
|

�
/ zklfk ghshqgv rq wkh ydoxh %3

|

�

/ idoov lqwr rqh ri wkh iroorzlqj
udqjhv= %

|�
	 �*2c ru %

|�
: �*21 Li %

|�
	 �*2/ wkhq wkh lqyhvwru frqwlqxhv wr

lqyhvw klv hqwluh sruwirolr lq dvvhw 41 Li/ krzhyhu/ %
|�

: �*2/ wkhq wkh lqyhvwru
vzlwfkhv klv hqwluh sruwirolr lq dvvhw 5 dw wlph |

�

1 Ehfdxvh lw lv srvvleoh wkdw
> : f/ wkhuh lv qr h{solflw irupxod iru � n } dqg wkh q0glvfrxqwhg wrwdo uhzdug/
�
q

E%�1 Krzhyhu/ zh frqvwuxfw wzr0vlghg erxqgv iru wkhvh txdqwlwlhv +vhh Wkhruhp
616,1

61 Irupdo Uhvxowv

Zh ehjlq wklv vhfwlrq zlwk fkdudfwhul}dwlrq ri wkh rswlpdo frqwuro surfhvv i%
|

j1
Iru qrwdwlrqdo hdvh/ ohw ��

|

' �
�
E|�/ �2

|

' �
2
E|�/ dqg 0 ' Eb � >�1 Zh dvvxph

wkdw b : > � f1

Wkhruhp 614= Wkh surfhvv i%
|

j lv slhfhzlvh0ghwhuplqlvwlf dqg lwv mxps0udwh lv
htxdo wr L

|

d>%
|

nbE��%
|

�on E��L
|

�db%
|

n>E��%
|

�o1 Wkh mxps0wlphv |
?

/ ? � �c
ri i%

|

j frlqflgh zlwk wkrvh ri wkh surfhvv i��

|

n �2

|

j dqg lwv vwdwh lpphgldwho|
diwhu wkh ?0wk mxps iru ? ' �c 2c � � � lv

%
?

'

+
>%|?

>%

3

|?

nbE�3%

3

|?

�

c li � �

|?

�� �3

|?

' �
b%|?

b%

3

|?

n>E�3%

3

|?

�

c li � 2

|?

�� 23

|?

' �
� +614,

Lq hyhu| lqwhuydo d|
?

c |
?n�

�/ ? � f/ |
f
' f/ wkh vdpsoh sdwkv ri i%

|

j vdwlvi| wkh
iroorzlqj �uvw0rughu gl�huhqwldo htxdwlrq

%
�

|

' 0EbL
|

� ��%
|

E�� %
|

� n @E�� b%
|

�
%
|?
' %

?

c
+615,

zkhuh %
f
' % dqg %

?

/ ? � � duh jlyhq e| irupxod +614,1
Surri1 Vhh Dsshqgl{ 41
Wkh qh{w wkhruhp frqwdlqv rxu pdlq uhvxow1 Zh surylgh wkh rswlpdo srolf|/

zklfk lv wkh srolf| wkdw |lhogv wkh ydoxh

�
q

E%� ' 4@ 
Z

�.Z

%

]
"

f

e3q|dL
|

%
|

n E�� L
|

�E�� %
|
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Wkhruhp 615= Wkhuh h{lvwv d frqvwdqw g � f wkdw ghshqgv rqo| rq > dqg vxfk
wkdw iru doo @ � g wkh srolf| +BB, pd{lpl}hv +417,1 Pruhryhu/ wkh ixqfwlrq
g ' gE>� lv qrq0ghfuhdvlqj dqg gEf� ' f1

Zh rqo| vnhwfk wkh surri ri wklv wkhruhp1 Pdnlqj xvh ri Wkhruhp 614 zh
gh�qh rshudwruv u

�
c u

2
dqg u dfwlqj rq ixqfwlrqv �"��Edfc �o� e| wkh irupxodv=

u
�
�E%� ' d0%E�� %� n @E�� 2%�o��E%�

nd>%n bE�� %�o
k
�
�

>%

>%nbE�3%�

�
� �E%�

l
� %c

+617,

u
2
�E%� ' d�0%E�� %� n @E�� 2%�o��E%�

ndb%n >�E�� %�o
k
�
�

b%

b%n>E�3%�

�
� �E%�

l
� E�� %� ' u

�
�E�� %�c

+618,

u�E%c �� ' �u
�
�E%� n E�� ��u

2
�E%�� +619,

Wkhq/ wkh Ehoopdq htxdwlrq fruuhvsrqglqj wr +616, wxuqv lqwr

4@ 
�"dfc�o

u�E%c �� ' q�E%�� +61:,

Vlqfh wkh rshudwru u lv d olqhdu ixqfwlrq ri �/ +418, dqg +617, lpso| wkdw lq rughu
wr suryh Wkhruhp 615 lw vx!fhv wr �qg d ixqfwlrq �"��Edfc �o� wkdw vdwlv�hv wkh
frqglwlrqv=

u
2
�E%� ' q�E%�c % � �*2c +61;,

u
�
�E%� � q�E%�c % � �*2c +61<,

�E%� ' �E�� %�c %"dfc �o� +6143,

Vxfk d ixqfwlrq vkrxog vdwlvi| dovr htxdwlrq +619, dqg lw vkrxog eh d ydoxh ixqfwlrq
ri wkh sureohp +616,1 Qrwh wkdw frqglwlrq +61<, lpsolhv wkdw

��E�*2� ' f� +6144,

Frqglwlrq +61:, lv d ixqfwlrqdo0gl�huhqwldo htxdwlrq iru wkh xqnqrzq ixqfwlrq
�E%�1 Diwhu lqwurgxflqj d orjdulwkplf vfdoh + ' *?E� � %� � *?% dqg d qhz
xqnqrzq ixqfwlrq T E+� ' �

�
�

�ne
+

�
wkh h{suhvvlrqv iru wkh rshudwruv u

�
dqg u

2

wdnh wkh iroorzlqj irup=

u
�
T E+� ' �E0n2 t�?�E+�@�T �E+��>
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dT E+�� T E+ n ��o� �
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c +6145,

u
2
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� n e+3�
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zkhuh t�?�E+� lv wkh k|shuerolf vlq ri + dqg � ' *?b � *?>1 Vr/ frqglwlrqv
+61:,0+6143, wxuq lqwr=

u
2
T E+� ' qT E+�c + � fc +6147,

u
�
T E+� � qT E+�c + � fc +6148,

T E+� ' T E�+�c +6149,

T Ef� ' f� +614:,

Ohw xv qrwh wkdw lq ylhz ri +6145, wkh htxdwlrq +6146, kdv d frqvwdqw ghod|1 Lw lv
frqyhqlhqw wr gh�qh d qhz xqnqrzq ixqfwlrq sE+�c + � f/ e| wkh irupxod

sE+� ' E� n e3+�T E+�� +614;,

Vxevwlwxwlqj T E+� iurp +614:, lq +6146, dqg xwlol}lqj +6145, zh rewdlq wkh iroorzlqj
htxdwlrq iru wkh ixqfwlrq sE+�=

s �E+� '
> dsE+�� sE+ � ��o n E@ n q � @e3+�sE+� n �

0� 2 t�?�E+�@
� +614<,

Dv vkrzq e| Grqfkhy +4<<8d/ Wkhruhp 716 +vhh Dsshqgl{ 6,, wkh jhqhudo vroxwlrq
ri wklv htxdwlrq rq wkh qhjdwlyh kdoi0olqh lv

sE+� ' �� n q
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ng#E+�c g ' SJ?r|c +6153,

zkhuh #E+� lv d qrq0wulyldo vroxwlrq ri wkh fruuhvsrqglqj krprjhqhrxv htxdwlrq/
zklfk kdv wkh ydoxh �n q

@

n e3+ n JE�� dv + $ �41 Wr hyhu| vroxwlrq ri htxdwlrq
+614;, wkhuh fruuhvsrqgv d xqltxh vroxwlrq ri htxdwlrq +6146,1 Pruhryhu/ zh duh
lq d srvlwlrq wr fkrrvh wkh frqvwdqw g lq +614<, lq vxfk d zd| wkdw +6149, krogv1
Wdnlqj dq hyhq frqwlqxdwlrq ri ixqfwlrq T E+� rq wkh srvlwlyh kdoi0olqh zh fdq ixo�oo
frqglwlrq +6148, dv zhoo1 Wr frpsohwh wkh surri ri Wkhruhp 615 lw vx!fhv wr yhuli|
wkh lqhtxdolw| +6147,1 Wkh pdlq gl!fxow| lq wkh surri ri wklv lqhtxdolw| lv wkdw
wkh ixqfwlrq #E+� lq wkh uljkw0kdqg vlgh ri irupxod +614<, fdqqrw eh uhsuhvhqwhg
lq forvhg irup1 Wr ryhufrph wkh gl!fxow| zh rewdlq hvwlpdwhv zklfk doorz xv wr
suryh +6147, iru doo vpdoo hqrxjk >
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Wkh ixqfwlrqv _E+� dqg (E+� vdwlvi| wkh ruglqdu| gl�huhqwldo htxdwlrqv
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uhvshfwlyho|/ dv zhoo dv wkh frqglwlrq
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81 Surri ri Wkhruhp 614 +Dsshqgl{ 4,

Zh xvh d jhqhudo prgho ri frqwuro zlwk lqfrpsohwh lqirupdwlrq dqg lwv uhgxfwlrq
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91 Surri ri Wkhruhp 6161 +Dsshqgl{ 5,

Zh suhfhgh wkh surri ri wklv wkhruhp zlwk irxu ohppdv1
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Zh uhzulwh wkh ohiw0kdqg vlgh ri +9146, lq whupv ri � dv
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wkh uljkw0kdqg vlgh1 Pxowlso|lqj erwk ghulydwlyhv e| �3�E� n %
�
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2
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rewdlq wkh lqhtxdolw|
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Wkh ohiw0kdqg vlgh ri wkh odvw lqhtxdolw| lv d ghfuhdvlqj ixqfwlrq ri erwk � dqg �1
Wkh ghulydwlyh ri wkh uljkw0kdqg vlgh htxdov
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2
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�
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Fdofxodwlqj wkh glvfulplqdqw ri wkh qxphudwru ri wkh odvw h{suhvvlrq zh rewdlq
� � %

�
n %

2
n %2

2

	 f1 Wkhuhiruh/ wkh uljkw0kdqg vlgh ri wkh odvw lqhtxdolw| lv
dovr d ghfuhdvlqj ixqfwlrq ri �/ zklfk uhdfkhv d plqlpxp ydoxh ri �*K � � dw
wkh srlqw � ' %

�
1 Krzhyhu/ wkh ydoxh �*K � � dovr htxdov wkh pd{lpxp ydoxh

ri wkh uljkw0kdqg vlgh uhdfkhg iru � ' f/ wkdw lv %
�
� ' %

2
�1 Wklv frpsohwhv wkh

surri ri lqhtxdolw| +91;,1 Wkh surri ri lqhtxdolw| +91<, lv vlplodu dqg zh rplw lw1

Fruroodu| 9171 Wkh ixqfwlrq (E+�� _E+�/ + 	 fc lv lqfuhdvlqj1
Surri1 Lw iroorzv iurp lqhtxdolw| +91;, dqg Ohppd 915 wkdw

E@e3+�@�q�_E+� : E@e3+�>�@�q�_E+�n>_E+��� : E@e3+�>�@�q�(E+��

Vlqfh _E+� dqg (E+� duh vroxwlrqv ri +615:, dqg +615;,/ uhvshfwlyho|/ wkh odvw lq0
htxdolw| lpsolhv wkdw (�E+� : _�E+�1 Lq sduwlfxodu/ lq ylhz ri frqglwlrq +615<, zh
kdyh (E+� : _E+� iru doo + 	 *? %

�
�

Ohppd 9181 Li >*@ lv vpdoo hqrxjk/ wkhq wkhuh h{lvwv d frqvwdqw g vxfk
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Rq wkh rwkhu kdqg/ wkh ghulydwlyh 1�E+� vdwlv�hv wkh htxdwlrq
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Surri ri Wkhruhp 6161 Lw iroorzv iurp Ohppd 915 dqg frqglwlrq +615<, wkdw
_E+� : f dqg _�E+� : f� Ohw g eh d frqvwdqw iru zklfk wkh fodlp ri Ohppd 918
krogv dqg j eh dq duelwudu| qxpehu vxfk wkdw j 	 g1 Zlwkrxw orvv ri jhqhudolw|
zh dvvxph wkdw j 	 � *?E�n>*@nq*@�� Wkhq/ @e3+�@�>�q : f dqg Ohppdv
916 dqg 918 lpso| wkdw
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E@e3+ � @� q�_E+� : E@e3+ � @� >� q�(E+� n >(E+ � ��
� E@e3+ � @� >� q�1E+� n >1E+ � ���

ES�2b�

Vlqfh wkh ixqfwlrqv _E+�/ (E+� dqg 1E+� vdwlvi| htxdwlrqv +615:,/ +615;, dqg +914:,/
uhvshfwlyho|/ lw iroorzv iurp +915;, dqg +915<, wkdw lqhtxdolw| +6164, krogv surylghg
+ � j1 Khqfh/ wkh lqhtxdolw| +6163, lv ixo�oohg iru vrph lqwhuydo Ejc j n j

f
�1

Pdnlqj xvh ri +915;, dqg +915<, zh jhw wkh lqhtxdolw| +6164, lq wklv lqwhuydo dv
zhoo1 Uhshdwlqj wkhvh frqvlghudwlrqv zh fdq suryh wkh fodlp ri wkh wkhruhp lq
wkh lqwhuydo djc� *?E� n >*@ n q*@�o1 Li + : � *?E� n >*k n q*k�/ wkhq @e3+ �
>� @�q 	 f dqg erwk +915;, dqg +915<, fdqqrw eh xvhg wr suryh wkh lqhtxdolwlhv
+6163, dqg +6164,1 Krzhyhu/ vlqfh wkh odvw lqhtxdolwlhv krog dw wkh srlqw + '
� *?E�n>*@nq*@� lw iroorzv iurp wkh frqwlqxlw| ri wkh ixqfwlrqv _E+�/ (E+� dqg
1E+� wkdw wkh| zloo eh ixo�oohg dovr xs wr wkh srlqw + ' � *?E� n q*@� surylghg
>*@ lv vpdoo hqrxjk1 Rq wkh rwkhu kdqg/ li + � � *?E� n q*@� wkhq zh xvh wkh
iroorzlqj lqhtxdolwlhv lq sodfh ri +915;, dqg +915<,=
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E@e3+ � @� q�_E+� : E@e3+ � @� q�1E+� n >d1E+�� 1E+ � ��o�

Wkhvh lqhtxdolwlhv iroorz iurp +6163, dqg +6164, dqg wkh| doorz xv wr dsso| wkh
vdph phwkrg lq wkh lqwhuydo +�,?E�nq*@�c f� dv iru wkh lqwhuydo djc� *?E�n>*@n
q*@�o1 Ilqdoo|/ vlqfh j lv fkrvhq duelwudulo|/ lw iroorzv wkdw wkh lqhtxdolw| +6163, lv
vdwlv�hg rq wkh zkroh qhjdwlyh kdoi0wlph1

:1 Vroxwlrq ri Htxdwlrq +614;, +Dsshqgl{ 6,
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zkhuh >c bc 0c qc �c @ duh srvlwlyh frqvwdqwv vxfk wkdw

b : >c 0 ' b� >c � ' *?b� *?>� E.�e�

Htxdwlrq +:15, lv lq idfw htxdwlrq +614;, zkrvh vroxwlrq lv +614<, dv zh vkdoo vkrz
odwhu lq wkh dsshqgl{ +vhh Wkhruhp :1:,1 Wkh v|vwhp +:14,0+:16, dsshduv lq wkh
irup ri d Ehoopdq htxdwlrq iru wkh ydoxh ixqfwlrq ri wkh sureohp ri rswlpdo
ghwhfwlrq ri wkh mxps wlphv ri d Srlvvrq surfhvv +vhh Grqfkhy 4<<8e,1 Lw iroorzv e|
g|qdplf surjudpplqj uhdvrqlqj wkdw wkh v|vwhp +:14,0+:16, kdv d xqltxh vroxwlrq
wkdw frlqflghv zlwk wkh ydoxh ixqfwlrq ri wkh rswlpdo ghwhfwlrq sureohp1 Iurp
wkh wkhru| ri ixqfwlrqdo0gl�huhqwldo htxdwlrqv/ h{lvwhqfh dqg xqltxhqhvv uhvxowv
iru +:14,0+:16, duh gl!fxow wr rewdlq1 Lq sduwlfxodu/ li zh wu| wr vroyh +:14,0+:16,
wkhuh duh dw ohdvw wzr gl!fxowlhv wr ryhufrph1 Wkh �uvw lv wkh vlqjxodulw| wkdw
+:14, kdv dw wkh srlqw | ' *?E0*2@n

s
� n E0*2@�2� dqg wkh vhfrqg lv wkh ghod|lqj

dujxphqw ri +:15, rq wkh qhjdwlyh kdoi0olqh1
Zh �uvw h{dplqh +:15,1 Wr gr vr/ zh frqvlghu wkh fruuhvsrqglqj krprjhqhrxv

htxdwlrq

#�E|� ' E0� 2@ t�?� |�3�i>d#E|�� #E|� ��o n E@n q � @e3|�#E|�jc | � f� E.�D�

Zh vkdoo vkrz wkdw htxdwlrq +:18, kdv d qrq0wulyldo vroxwlrq rq wkh qhjdwlyh kdoi0
olqh1 Wkh qh{w wkhruhp frqwdlqv suholplqdu| lqirupdwlrq derxw wkh dv|pswrwlf
ehkdylru ri wkh vroxwlrq1

Wkhruhp :14 +l, Hyhu| vroxwlrq ri +:18, vdwlv�hv

#E|� ' �E� n q*@n e3|� n JE��c E.�S�

dv | $ �4/ zkhuh � lv d frqvwdqw1 +ll, Li htxdwlrq +:15, kdv d vroxwlrq wkhq wkh
vroxwlrq kdv wkh vdph dv|pswrwlf ehkdylru dv +:19,1
Surri1 Zh frqvlghu wkh htxdwlrq

d�0%E�� %� n @E�� 2%�o��E%� n db%n >E�� %�o
�d�E b%

b%n>E�3%�

�� �E%�o� E�� %� ' q�E%�c % 5 d�*2c �o�
E.�.�

Dv vkrzq e| Grqfkhy +4<<8f,/ li zh lqwurgxfh d orjdulwkplf vfdoh | ' *?E��%��
*? %/ wkh ixqfwlrq LE|� ' �EE� n e|�3��/ dqg gh�qh

s
2
E|� ' E� n e3|�LE|�c E.�H�
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wkhq +:1:, htxdov +:15, zlwk � ' *?b � *?>1 Pruhryhu/ lq wklv fdvh wkh krpr0
jhqhrxv htxdwlrq fruuhvsrqglqj wr +:16, lv wkh vdph dv +:18,1 Wkxv/ li +:15, +uh0
vshfwlyho| +:14,, kdv d vroxwlrq wkhq +:1:, +uhvshfwlyho| wkh krprjhqhrxv htxdwlrq
fruuhvsrqglqj wr +:1:,, kdv d vroxwlrq dv zhoo1

Ohw s
2
E|� eh d vroxwlrq ri +:15, dqg frqvlghu wkh fruuhvsrqglqj ixqfwlrq �E%�1

Dsso|lqj wkh Odjudqjh irupxod wr wkh gl�huhqfh �E b%

b%n>E�3%�

� � �E%� rq wkh ohiw0
kdqg vlgh ri +:1:, zh rewdlq

�E
b%

b%n >E�� %�
�� �E%� ' ��E1�

0%E�� %�

b%n >E�� %�
c iru 1 5 d%c

b%

b%n >E�� %�
o�

Vxevwlwxwlqj wklv h{suhvvlrq lq +:1:, zh jhw

�E�� %� n 0%E�� %�d��E1�� ��E%�o n @E�� 2%���E%� ' q�E%�� E.�b�

Vroylqj +:1:, zlwk uhvshfw wr ��E%� dqg wdnlqj lqwr frqvlghudwlrq wkh idfw wkdw
@ : f dqg �E%� lv d frqwlqxrxvo| gl�huhqwldeoh ixqfwlrq/ zh ghgxfh wkdw �E%� kdv
d vprrwk vhfrqg ghulydwlyh lq d qhljkerukrrg ri wkh srlqw % ' �1 Wkhuhiruh/
zh dsso| wkh Odjudqjh irupxod rqfh djdlq wr wkh gl�huhqfh ��E1� � ��E%�/ zklfk
dsshduv lq wkh vhfrqg whup ri +:1<,1 Vr/ zh rewdlq

@E�� 2%���E%� ' q�E%� n �� %n�EE�� %�2�c dv % $ �� E.��f�

Zh qrz xvh wkh orjdulwkplf vfdoh | ' *?E�� %� � *? % dqg LE|�1 Wkhq +:143,
wdnhv wkh iroorzlqj irup

2@L �E|� t�?� | ' �qLE|�� E� n e3|�3� n�EE� n e3|�32�c dv | $ �4� E.����

Wkh vroxwlrq ri wkh odvw htxdwlrq lv

LE|� ' i TE� q

2@

U
|

3"

_�

t�?��

�d�
�
� U

|

3"

i TE

q

2@

U
�

3"

_r

t�?� r
�

2@E�ne
3�

� t�?��

_�

n
U
|

3"

i TE q
2@

U
�

3"

_r

t�?� r

��EE� n e3��32� _�

t�?��

o

' E e
3|
3�

e

3|
n�

�3
q

2@ d�
�
n @3�

U
|

3"

Ee3� � ��
q

2@
3�Ee3� n ��3

q

2@
32e3�_�

n
U
|

3"

E e
3�
3�

e

3�
n�

�
q

2@

e

3�
�EE�ne

3�
�

32
�

Ee
3�
3��Ee

3�
n��

_�oc

E.��2�

�
�
' *�4

|<3"

LE|�c | $ �4�

Wkh �uvw lqwhjudo lq +:145, htxdov q3�E2 n q*@�3�i�� E e
3|
3�

e

3|
n�

�
q

2@ d� n Eq*@�E� n

e3|�3�oj� Lq ylhz ri wkh lqhtxdolwlhv e

3�
3�

e

3�
n�

	 � dqg �

e

3�
3�

	 2

e

3�
n�

zklfk krog iru
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� 	 f wkh vhfrqg lqwhjudo fdq eh zulwwhq dv
U
|

3"

E� n e3��32�EE� n e3��32�_E� n

e3�� ' �EE� n e3��3��� Vxevwlwxwlqj wkhvh h{suhvvlrqv lq +:145, zh rewdlq wkh
iroorzlqj dv|pswrwlf irupxod iru LE|�=

LE|� ' �l
�

E|� n l
2

E|� n�EE� n e3|�3��c | $ �4c E.����c

zkhuh l
�

E|� ' E e
3|
3�

e

3|
n�

�3
q

2@ c l
2

E|� ' ��nEq*@�E�ne

3|
�

3�

qE2nq*@�

dqg � ' �
�
nq3�E2n q*@�3��

Dsso|lqj Qhzwrq*v irupxod wr l
�

E|� zh jhw

l
�

E|� ' E
e3| � �

e3| n �
�3

q

2@ ' E�� 2

� n e3|
�3

q

2@

' � n Eq*@�E� n e3|�3� n JEE� n e3|�3��c | $ �4� E.��e�

Lw iroorzv iurp +:146, dqg +:147, wkdw

LE|� ' �
�
d� n Eq*@�E� n e3|�3�o n JEE� n e3|�3��c | $ �4� E.��D�

Qrwh wkdw l
�

E|� lv d vroxwlrq ri wkh krprjhqhrxv htxdwlrq fruuhvsrqglqj wr +:144,1
Wklv krprjhqhrxv htxdwlrq dulvhv iurp +:18, dqg wkh krprjhqhrxv htxdwlrq fru0
uhvsrqglqj wr +:1:,1 Qrz erwk fodlpv ri wkh wkhruhp iroorz iurp +:1;,/ +:147,/
+:148, dqg wkh uhpdun diwhu irupxod +:1;,1

Dv iroorzv iurp +:148,/ l
2

E|� sod|v dq lpsruwdqw uroh lq +:146,1 Qdpho|/ lw
hqvxuhv wkdw �

�
' *�4

|<3"
LE|� krogv lq +:148,1 Lw lv uhpdundeoh wkdw s

2
E|� '

E� n e3|�l
2

E|� lv d joredo vroxwlrq +wkdw lv/ d vroxwlrq rq wkh hqwluh uhdo olqh, ri
+:15,1

Wkhruhp :15= Wkh ixqfwlrqv

s
�
E|� ' �� n q*@n e|

qE2 n q*@�
c E.��S�

s
2
E|� ' �� n q*@n e3|

qE� n q*@�
c E.��.�

duh joredo vroxwlrqv ri htxdwlrqv +:14, dqg +:15,/ uhvshfwlyho|1
Surri1 Wr suryh wkh wkhruhp lw lv hqrxjk wr vxevwlwxwh s

�
E|� dqg s

2
E|� iurp

+:149, dqg +:14:, lqwr +:14, dqg +:15,1�
Qrwh wkdw wkh ixqfwlrqv iurp +:149, dqg +:14:, +zklfk duh wkh htxdwlrqv glv0

sod|hg lq Wkhruhp :15, gr qrw vdwlvi| wkh v|vwhp +:14,0+:16, ehfdxvh +:16, lv qrw
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ixo�oohg1 Rq wkh rwkhu kdqg/ zh frxog pxowlso| wkh uljkw0kdqg vlgh ri +:14:, e| e|

dqg wu| wr vroyh htxdwlrq +:14, rq E�4c fo zlwk dq lqlwldo frqglwlrq ��nE�nq*@�e

|

qE2nq*@�

jlyhq rq d��c fo� Krzhyhu/ lq wklv fdvh zh zloo qrw eh deoh wr hvfdsh wkh vlqjxodu0
lw| wkdw +:14, kdv dw wkh srlqw | ' *?E0*2@ n

s
� n E0*2@�2�� Wr ryhufrph wkhvh

gl!fxowlhv zh qhhg ixoo fkdudfwhul}dwlrq ri wkh vhw ri doo vroxwlrqv ri htxdwlrq +:15,
rq wkh qhjdwlyh kdoi0olqh1

Ghqrwh e| T E|c r� dqg LE|c r� wkh ixqgdphqwdo ixqfwlrqv ri htxdwlrqv +:14, dqg
+:15,/ uhvshfwlyho|1 Vr/ iru dq| �{hg rc T E|c r� +uhvshfwlyho| LE|c r�, lv d vroxwlrq
ri wkh krprjhqhrxv htxdwlrq fruuhvsrqglqj wr +:14, +uhvshfwlyho| +:15,, zlwk dq
lqlwldo frqglwlrq jlyhq rqdr � �c ro e| wkh irupxod )E|� ' f li r � � 	 | 	 r dqg
)E|� ' � li | ' r1 Wkhq T Erc r� ' LErc r� ' � dqg T E|c r� ' LE|c r� ' f iru | 	 r1
Li f � | � r � � wkhq lq rughu wr fdofxodwh T E|c r� +uhvshfwlyho| LE|c r�, rqh kdv
wr vroyh wkh iroorzlqj ruglqdu| gl�huhqwldo htxdwlrq= s �E|� ' E0� 2@ t�?� |�3�Ebn
@ n q � @e|�sE|� +uhvshfwlyho| s �E|� ' E0 � 2@ t�?� |�3�E> n @ n q � @e3|�sE|��/
r � | � r n �/ zlwk dq lqlwldo frqglwlrq sEr� ' �� Vroylqj wkhvh htxdwlrqv zh
rewdlq wkh iroorzlqj h{suhvvlrqv iru wkh ixqfwlrqv T E|c r� dqg LE|c r�=

T E|c r� ' E
� n %

2
er

� n %
2
e|
�KE

� n %
�
er

� n %
�
e|
�Sc E.��H�

LE|c r� ' er3|E
� n %

2
er

� n %
2
e|
�KE

� n %
�
er

� n %
�
e|
�Sc E.��b�

zkhuh %
�c2

' 0*2@	s
� n E0*2@�2 duh wkh urrwv ri wkh htxdwlrq %2�E0*@�%�� ' fc

K '
� n E>n q�*@ n %

2

%
�
� %

2

c S ' �� n E>n q�*@n %
�

%
�
� %

2

� E.�2f�

Lw lv hdv| wr yhuli| wkdw K : f dqg wkh lghqwlw| K n S ' �� krogv1 Lw iroorzv iurp
+:14;, dqg +:14<, wkdw

LE|c r� ' er3|T E|c r�c r � | � rn �� E.�2��

Vlqfh LE|c r� ' T E|c r� ' f li | 	 rc +:154, lv reylrxvo| ixo�oohg iru doo | 	 r�
Li | : r n � wkhq wkh irupxodv iru T E|c r� dqg LE|c r� duh pruh frpsolfdwhg1
Qhyhuwkhohvv/ lw wxuqv rxw wkdw +:154, krogv lq wklv fdvh dv zhoo1 Frqvlghu wkh
htxdwlrqv=

s �E|� ' E0� 2@ t�?� |�3�ibdsE|�� sE|� ��o n E@n q � @e|�sE|�jc E.�22�
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s �E|� ' E0� 2@ t�?� |�3�i>dsE|�� sE|� ��o n E@n q � @e3|�sE|�j E.�2��

dqg ghqrwh e| s
�
Ejc )�E|� +uhvshfwlyho| s

2
Ejc )�E|�,/ j 5 U/ ) 5 �Edj� �c jo�/ wkh

vroxwlrq ri +:155, +uhvshfwlyho| +:156,, rq djc4� zlwk dq lqlwldo frqglwlrq )�
Wkhruhp :16= +l, Iru hyhu| uhdo j dqg ) 5 �Edj � �c jo�=

s
�
Ejc eEu�)�E|� ' e|s

2
Ejc )�E|�c | � j� E.�2e�

+ll, Wkh lghqwlw| +:154, lv ixo�oohg iru doo uhdo | dqg r1
Surri1 Iurp Kdoh +4<::/ Wkhruhp 91615, zh rewdlq wkh iroorzlqj uhsuhvhqwdwlrq
iru wkh ixqfwlrqv s

�
Ejc eEu�)�E|� dqg s

2
Ejc )�E|� iru | � j G

s
2
Ejc )�E|� ' LE|c j�)Ej�

�>

]
j

j3�

)Er�LE|c rn ��d0� 2@ t�?�Ern ��o3�_rc E.�2D�

s
�
Ejc eEu�)�E|� ' T E|c j�ej)Ej�

�b

]
j

j3�

)Er�erT E|c rn ��d0� 2@ t�?�Er n ��o3�_r� E.�2S�

Iluvw/ zh vkdoo suryh fodlp +l, lq wkh fdvh ri j � | � j n �1 Vlqfh | � r n 2�
iru doo r 5 dj � �c jo rqh fdq dsso| +:154, wr erwk T E|c j� dqg T E|c r n �� lq wkh
uljkw0kdqg vlgh ri +:159,1 Pdnlqj vlpsoh fdofxodwlrqv zh jhw +:157,1 Qrz/ zh
duh lq d srvlwlrq wr suryh +ll,1 Ohw xv �{ r dqg glylgh wkh lqwhuydo drc4� lqwr
vhjphqwv ri ohqjwk � G drc4� '

V
?Df

dr n ?�c r n E? n ����� Zh vkdoo suryh e|
lqgxfwlrq wkdw +:154, krogv lq hyhu| vhjphqw dr n ?�c r n E? n ����c ? ' fc �c ���
Iru ? ' f wkh fodlp kdv douhdg| ehhq suryhg1 Dvvxplqj wkdw +ll, krogv wuxh iru
| 5 dr n &�c r n E& n ���� dqg vrph lqwhjhu & � f zh vkdoo suryh wkdw +:154, lv
vdwlv�hg lq wkh qh{w vhjphqw dv zhoo1 Lqghhg/ wr �qg wkh ixqfwlrqv T E|c r� dqg
LE|c r� rq drn E& n ���c rn E& n 2��� rqh pxvw vroyh htxdwlrqv +:155, dqg +:156,/
uhvshfwlyho|/ wdnlqj dv lqlwldo frqglwlrqv wkh douhdg| fdofxodwhg ydoxhv ri wkhvh
ixqfwlrqv rq drn &�c rn E&n ����1 Dffruglqj wr wkh lqgxfwlrq k|srwkhvlv/ +:154,
krogv rq drn&�c rnE&n����1 Dsso|lqj +l, zlwk j ' rnE&n���c )E�� ' e3rLE�c r�
dqg | 5 dr n E& n ���c r n E& n 2��� zh jhw wkh fodlp iru ? ' & n �� Wkxv/ +ll, lv
suryhg1

Lq rughu wr suryh +:157, iru j � | � j n � zh kdyh xvhg rqo| irupxod +:154,
zlwk | � r � �� Vlqfh/ dffruglqj wr +ll, wkh odvw irupxod krogv iru doo | dqg r lw
iroorzv wkdw +:157, lv ixo�oohg iru doo | � j�
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Frqvlghu wkh iroorzlqj grpdlq lq wkh sodqh Erc |� G ( ' iErc |� G r � | � fj�
Wkhruhp :17= Wkh ixqfwlrq LE|c r� lv frqwlqxrxv dqg erxqghg lq (1

Surri1 Wkh frh!flhqwv ri htxdwlrq +:156, duh erxqghg frqwlqxrxv ixqfwlrqv
surylghg | � f� Iru dq| �{hg r � fc wkh ixqfwlrq LE|c r� lv jlyhq e| irupxod
+:14<, li r � | � r n � dqg LE|c r� vdwlv�hv +:156, zlwk dq lqlwldo frqglwlrq
s
rn�

E�� ' L
rn�

E�c r� li | � r n �1 Khuh/ dv lw lv jhqhudoo| dvvxphg lq wkh wkh0
ru| ri ixqfwlrqdo0gl�huhqwldo htxdwlrqv/ iru dq| s 5 �Edrc |ojc | � r n � dqg
� 5 drn �c |oc s

�

E�� ghqrwhv d ixqfwlrq ehorqjlqj wr �Ed��c fo� zklfk lv gh�qhg e|
s
�

Ew� ' sE� n w�c w 5 d��c fo� Lq ylhz ri +:14<,/ vlqfh rn�n w 5 drc rn�o surylghg
w 5 d��c fo lw iroorzv wkdw

L
rn�

Ewc r� ' e3w3�E
� n %

2
er

� n %
2
ern�nw

�KE
� n %

�
er

� n %
�
ern�nw

�Sc w 5 d��c fo� E.�2.�

Wkh odvw ixqfwlrq lv frqwlqxrxv lq erwk w dqg r li w 5 d��c fo dqg r � ��1
Ehlqj d vroxwlrq ri +:156, zlwk wkh frqwlqxrxv lqlwldo frqglwlrq +:15:,/ LE|c r� lv
frqwlqxrxv zlwk uhvshfw wr | li | � rn�1 Wkh frqwlqxlw| ri LE|c r� iru | 5 drc rn�o
iroorzv iurp +:14<,1 Lw uhpdlqv wr suryh wkdw LE|c r� lv frqwlqxrxv zlwk uhvshfw wr
r iru hyhu| �{hg | � f1 Wkh fdvh r � |� � krogv e| lqvshfwlrq1 Wkh surri lv qrw
wulyldo li r 	 |� �� Ohw r 	 |� � dqg ir

?

j eh d vhtxhqfh frqyhujlqj wr r1 Wkhq/
ehfdxvh ri wkh frqwlqxlw| ri +:15:, zlwk uhvshfw wr erwk w dqg r/ wkh fruuhvsrqglqj
vhtxhqfh ri lqlwldo frqglwlrqv iL

r?n�
E�c r

?

�j zloo frqyhujh xqlirupo| wr L
rn�

E�c r�1
Wkxv/ wkh frqwlqxlw| ri LE|c r� lq r iroorzv iurp wkh wkhruhp iru wkh frqwlqxrxv
ghshqghqfh ri wkh vroxwlrqv ri ixqfwlrqdo gl�huhqwldo htxdwlrqv rq wkh lqlwldo gdwd
+Kdoh +4<::,/ Wkhruhp 51515,1

Lq rughu wr suryh wkh vhfrqg fodlp ri wkh wkhruhp ohw xv uhzulwh +:156, lq wkh
irup

s �E|� ' ��E|�sE|���E|�sE|� ��� E.�2H�

zkhuh �E|� ' E0� 2@ t�?� |�3�E@e3|�@�>�q�c �E|� ' >E0�2@ t�?� |�3� dqg vhw
k ' � *?E�n Eqn2>�*@�� Lw lv hdv| wr vhh wkdw wkh frh!flhqw �E|� lv d ghfuhdvlqj
ixqfwlrq ri1 |c iru | 	 f/ zkhuhdv �E|� lv dq lqfuhdvlqj ixqfwlrq ri |c dqg iru | 	 k
wkh lqhtxdolw| �E|� 	 �E|� krogv1

Frqvlghu wkh iroorzlqj grpdlqv lq wkh sodqh Erc |�=

(
�

' iErc |� 5 ( G r � | � kjc
(

2
' iErc |� 5 ( G | � r � kjc

(
�

' iErc |� 5 ( G | � kc r � kj�
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Reylrxvo|/ ( ' (
�
^ (

2
^ (

�
dqg lw lv hqrxjk wr suryh wkh fodlp lq hdfk ri

grpdlqv (
�
c (

2
c dqg (

�
1 Vlqfh (

2
lv d frpsdfw vhw dqg LE|c r� lv d frqwlqxrxv

ixqfwlrq wkh surri lv wulyldo lq (
2
�

Iru (
�
frqvlghu wkh iroorzlqj vxegrpdlqv ri (

�
G (?

�

' iErc |� 5 (
�
G | �

k � �*?j/ ? ' �c 2c ��� Vlqfh wkh forvxuh ri wkh vhw ^
?D�

(?

�

frlqflghv zlwk (
�
lw

iroorzv iurp wkh frqwlqxlw| ri LE|c r� wkdw lw lv vx!flhqw wr suryh lwv erxqghgqhvv
lq hdfk ri grpdlqv (?

�

c ? ' �c 2c ��� Li | � k � �*? wkhq �E|� � �Ek � �*?�/
dqg t�T

|$k3�*?
m �E|� m� �Ek � �*?� 	 �Ek � �*?� dqg wkhuhiruh/ dffruglqj wr

Kdoh +4<::/ Htxdwlrq +81<15,,/ wkh wulyldo vroxwlrq ri +:15;, lv xqlirupo| vwdeoh iru
| � k� �*?1 Wklv phdqv wkdw iru dq| j � k� �

?

dqg _ : f wkhuh h{lvwv B ' BE_�
vxfk wkdw wkh lqhtxdolw| n)n 	 B lpsolhv nEs

2
�
|

Ejc )�n 	 _ iru doo j � | � k��*?�
Khuh n � n ghqrwhv d vxs0qrup dqg s

2
Ejc )� lv wkh vdph dv lq Wkhruhp :161

Ohw xv qrz uhsuhvhqw htxdwlrq +:15;, lq rshudwru irup1 Wkdw lv

s �E|� ' uE|c s
|

E���c
zkhuh uE|c )�c | � fc ) 5 �Ed��c fo� lv wkh iroorzlqj rshudwru=

uE|c )� ' ��E|�)Ef���E|�)E����

Ehfdxvh li | 	 k � �*?/ wkhq erwk �E|� dqg �E|� duh ehwzhhq 3 dqg 4/ zh kdyh
wkdw

m uE|c )� m� 6n)nc zlwk 6 ' 2� E.�2b�

Zh dsso| Ohppd 919151 lq Kdoh +4<::, wr +:15;, dqg xvh +:15<, wr rewdlq wkh
fodlp lq (?

�

�
Iru dq| �{hg r 	 k/ wkh ixqfwlrq LE|c r� vdwlv�hv

sE|� '

]
|

k

uE�c s
�

E���_�n LEkc r�c E.��f�

rq dkc fo zlwk wkh lqlwldo frqglwlrq s
k

E�� ' L
k

E�c r�1 Qrwh wkdw li | 	 f wkhq +:15<,
dovr krogv zlwk 6 ' E2> n q�*01 Vlqfh Erc k� 5 (

�
lw iroorzv iurp +:15<, dqg

+:163, wkdw
m LE|c r� m � U

|

k

m uE�c L
�

E�c r�_�n m LEkc r� m
� 6

U
|

k

n L
�

E�c r� n _�ngc

zkhuh g ' t�T
E|cr�M(�

m LE|c r� m1 Wkhuhiruh

nL
|

E�c r�n � 6

]
|

k

n L
�

E�c r� n _�ng� E.����
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Dsso|lqj Jurqzdoo*v ohppd wr +:164, zh jhw

n L
|

E�c r� n� g
�

zkhuh g
�
' ge6kc | 5 dkc fo� Khqfh/ vxs

k$|$f
m LE|c r� m� g

�
� Vlqfh wkh frqvwdqw

g
�
grhv qrw ghshqg rq r lw iroorzv wkdw LE|c r� lv erxqghg lq (

�
dv zhoo1

Uhpdun1 Doo uhvxowv flwhg lq wkh surri uhodwh wr wkh fdvh zkhq wkh ixqfwlrqdo0
gl�huhqwldo htxdwlrq lv jlyhq rq wkh zkroh uhdo olqh/ zkhuhdv zh frqvlghu lw lq wkh
lqwhuydo E�4c k � �*?o1 Krzhyhu/ vhwwlqj lq +:15:, �E|� ' �Ek � �*?�c � E|� '
�Ek� �*?�/ iru | : k� �*? zh jhw dq htxdwlrq wkdw lv gh�qhg rq wkh zkroh uhdo
olqh frlqflglqj zlwk +:15:, lq E�4c k � �*?o� Vlqfh doo flwhg uhvxowv krog wuxh iru
wkh odvw htxdwlrq lw iroorzv wkdw wkh| krog iru +:15:, lq wkh lqwhuydo E�4c k� �*?o
dv zhoo1

Zh qrz uhwxuq wr wkh sureohp ri wkh h{solflw irup ri wkh vroxwlrq ri wkh v|vwhp
ri ixqfwlrqdo0gl�huhqwldo htxdwlrqv +:14,0+:16,1

Zh ehjlq wklv vhfwlrq zlwk wkh iroorzlqj ohppd1
Ohppd :18= Ohw xv vhw fEjc |� ' s

2
Ejc �n q*@n e3Eu��E|�/ j � ��/ zkhuh dv

lq Wkhruhp :16/ s
2
Ejc � n q*@ n e3Eu��E|� ghqrwhv wkh vroxwlrq ri htxdwlrq +:156,

zlwk dq lqlwldo frqglwlrq )E|� ' � n q*@ n e3| jlyhq rq dj � �c jo� Wkhq

E�� fEjc |� : � n K*@n e3|c iru | 5 djc j n �oc E.��2�

E��� 4@ 
|Mdjcjn�o

dfEjc |�� �� q*@� e3|o ' �Eej�c dv j $ �4� E.����

Surri1 Li | 5 djc j n �o wkhq fEjc |� lv fdofxodwhg iurp +:158,/ zkhuh LE|c r� lv
jlyhq e| +:14<,1 Zh �uvw vhw )Er� ' � lq +:158, dqg hydoxdwh wkh lqwhjudo wr rewdlq

g
�
E|� ' ej3|E

� n %
2
ej

� n %
2
e|
�KE

� n %
�
ej

� n %
�
e|
�S n

>

@6
de3| n � n

bn q

@

�ej3|E
� n %

2
ej

� n %
2
e|
�KE

� n %
�
ej

� n %
�
e|
�SEe3j n � n

bn q

@
�o� E.��e�

Zh qh{w vhw )Er� ' e3r lq +:158, dqg hydoxdwh wkh lqwhjudo wr rewdlq

g
2
E|� ' e3|E

� n %
2
ej

� n %
2
e|
�KE

� n %
�
ej

� n %
�
e|
�S n

b

@6
i� n E� n

>n q

@
�e3|

�ej3|E
� n %

2
ej

� n %
2
e|
�KE

� n %
�
ej

� n %
�
e|
�Sd� n E� n

>n q

@
�e3joj� E.��D�
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Lq +:167, dqg +:168,

6 ' �E%
�
� %

2
�2KS ' E� n

>n q

@
�E� n

bn q

@
�� �� E.��S�

Qrwh wkdw fEjc |�� �� q*@� e3| htxdov E� n q*@�g
�
E|� ng

2
E|�� �� q*@� e3|/

vr wkdw wkh ghulydwlyh ri fEjc |�� �� q*@� e3| zlwk uhvshfw wr | lv

� 63�db
@

E� n >nq

@

� n >

@

E� n q*@��6oi� n e

|
d�nE>nq�*@o3�

E�n%�e
|
�E�n%2e

|
�

� E�n%2e
j

�n%2e
|
�KE�n%�e

j

�n%�e
|
�SdejE� n Ebn q�*@� n �oje3|�

Lw lv hdv| wr yhuli| wkdw b

@

E�n>nq

@

�n>

@

E�nq*@� lv ohvv wkdq61 Vr/ wkh �uvw idfwru
lq wklv h{suhvvlrq lv qhjdwlyh1 Vlpsoh fdofxodwlrqv vkrz wkdw wkh vhfrqg idfwru lv
dq lqfuhdvlqj ixqfwlrq ri |1 Wkxv/ wkh vhfrqg idfwru uhdfkhv wkh plqlpxp ydoxh
6e2jE� n %

�
ej�3�E� n %

2
ej�3� : f dw wkh srlqw | ' j1 Wkhuhiruh/ wkh ixqfwlrq

fEjc |�� ��q*@� e3| lqfuhdvhv rq djc jn�o dqg fEjc j����q*@� e3j ' f/ vr
+:165, krogv1 Ixuwkhu/ fEjc |����q*@�e3| uhdfkhv lwv pd{lpxp dw | ' jn�1 Zh
vhw | ' jn� lq +:167, dqg gh�qh d qhz ixqfwlrqg

�
E�� vr wkdwg

�
Eej� ' g

�
Ejn���

Wkhq
g

�
E�� '

>

@6
� >
�
-E�� n 7E��c E.��.�

zkhuh
-E�� ' �3�d�� E>

� n %
2
�

>n b%
2
�
�KE>

� n %
�
�

>n �%
�
�
�Soc E.��H�

7E�� '
>

b
E>

� n %
2
�

>n b%
2
�
�KE>

� n %
�
�

>n b%
�
�
�S

�d�� >

@6
E� n

bn q

@
�o n

>

@6
E� n

bn q

@
�� E.��b�

Lq d qhljkerukrrg ri � ' f/

E>
� n %

2
�

>n b%
2
�
�KE>

� n %
�
�

>n b%
�
�
�S ' � n

0

>
E� n

bn q

@
��n�E�2�c E.�ef�

dqg khqfh

-E�� ' � 0

>
E� n

bn q

@
� n�E��c dv � $ f� E.�e��
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Wdnlqj lq +:16<, rqo| wkh �uvw whup ri wkh Wd|oru vhulhv ri wkh ixqfwlrq lq wkh
ohiw0kdqg vlgh ri +:173, zh jhw

7E�� '
>

b
d�� >

@6
E� n

bn q

@
�o n

>

@6
E� n

bn q

@
� n�E��c dv � $ f� E.�e2�

Lw iroorzv iurp +:16:,/ +:174, dqg +:175, wkdw

g
�
E�� ' >*bn�E��c dv � $ f� E.�e��

Vlploduo|/ li zh vhw � ' ej dqg hydoxdwh g
2
E|�� e3| dw | ' j n � zh rewdlq

g
2
E��� >

b
�3� ' -E��d

b

@6
E�n � n

>n q

@
�� �o n

0b

@>6
c

zkhuh g
2
E�� lv gh�qhg e| g

2
Eej� ' g

2
Ej n ��� Iurp +:174, zh jhw

g
2
E��� >

b
�3� '

0

>
E� n

q

@
� n�E��c dv � $ f� E.�ee�

Ehfdxvh fEjc |�� �� q*@� e3| ' g
2
E|�� e3| n E� n q*@�dg

�
E|�� �o wkh vhfrqg

fodlp ri wkh ohppd iroorzv iurp +:176, dqg +:177,1
Wkhruhp :19= Htxdwlrq +:18, kdv d qrq0wulyldo vroxwlrq rq wkh qhjdwlyh kdoi0

olqh1
Surri1 Frqvlghu wkh iroorzlqj ixqfwlrqv gh�qhg rq E�4c fo G

#
?

E|� '

�
� n q*@ n e3|

fE�#�c |�
| � �?�
| 5 d�?�c fo�

Zh vkdoo suryh wkdw wkh vhtxhqfh i#
?

j
?D�

/ frqyhujhv xqlirupo| wr vrph ixqfwlrq
#E|� wkdw vdwlv�hv +:18, rq wkh zkroh qhjdwlyh kdoi0olqh1

Frqvlghu wkh vhulhv

#
�

E|� n
"[
?'�

d#
?n�

E|�� #
?

E|�o� E.�eD�

Iurp +:158, zh rewdlq

#
?n�

E|��#
?

E|� '

;AAAA?
AAAA=

f
fE|�� �� q*@� e3|

dfE�?��� �� q*@� e?�oLE|c�?��

�>
U
3?�

3E?n���

dfEr�� �� q*@� e3ro

�d0� 2@ t�?�Ern ��o3�LE|c rn ��_r

| � �E? n ���
| 5 d�E? n ���c�?�o

| 5 d�?�c foc
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zkhuh/ iru wkh vdnh ri euhylw|/ zh kdyh rplwwhg wkh �uvw dujxphqw ri fE�E? n
���c |�� Wkhuhiruh/ lw iroorzv iurp Wkhruhp :17/ Ohppd :18/ dqg frqyhujhqfh ri
wkh lqwhjudo

U
f

3"

E0� 2@ t�?� r�3�_r wkdw iru doo ? vx!flhqwo| odujh

m #
?n�

E|�� #
?

E|� m� ge3?�c

zkhuh g lv d frqvwdqw1 Wkxv/ vhulhv +:178, frqyhujhv xqlirupo| wr #E|�1 Lw uhpdlqv
wr suryh wkdw #E|� vdwlv�hv +:18, rq E�4c fo�

Ohw | 5 d��c fo1 Iru hyhu| ? � �/ wkh ixqfwlrq #
?

E|� vdwlv�hv +:18, rq d��c fo/
vr lw iroorzv wkdw

#
�

?

' ��E|�#
?

E|���E|�#
?

E|� ��c iru ? ' �c 2c ���c E.�eS�

zkhuh �E|� dqg �E|� duh wkh frh!flhqwv gh�qhg diwhu +:15;,1 Iurp +:179, zh
ghgxfh wkdw

#
�

�

n
S

"

?'�

d#
�

?n�

E|�� #
�

?

E|�o ' ��E|�i#
�

E|� n
S

"

?'�

d#
?n�

E|�� #
?

E|�oj
� �E|�i#

�

E|� �� n
S

"

?'�

d#
?n�

E|� ��� #
?

E|� ��oj
' ��E|�#E|���E|�#E|� ���

Wkhuhiruh/ gl�huhqwldwlqj vhulhv +:178, zh rewdlq wkdw lq wklv fdvh #E|� vdwlv�hv
htxdwlrq +:18,1

Li | 5 d�E& n ���c�&�oc iru & � �c wkhq zh uhsuhvhqw #E|� lq wkh irup

#E|� ' #
&n�

E|� n
"[

?'&n�

d#
?n�

E|�� #
?

E|�o

dqg uhshdw wkh vdph dujxphqw iru +:179, zlwk ? ' & n �c & n 2c ����
Qrz/ zh duh deoh wr fkdudfwhul}h wkh vhw ri doo vroxwlrqv ri +:15, rq wkh qhjdwlyh

kdoi0olqh1
Wkhruhp :1:= Wkh ixqfwlrq

s
2
E|� ' �� n q*@ n e3|

qE2 n q*@�
n ��E|�c

zkhuh � lv d jhqhulf frqvwdqw/ lv d ixqgdphqwdo vroxwlrq ri htxdwlrq +:15, rq
+�4c fo�
Surri1 Dffruglqj wr Wkhruhpv :15 dqg :19 s

2
E|� lv d vroxwlrq ri htxdwlrq +:15, iru

doo �1 Lw uhpdlqv wr suryh wkdw hyhu| vroxwlrq ri wklv htxdwlrq fdq eh uhsuhvhqwhg
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lq wkh irup +:17:, zlwk vrph frqvwdqw �1 Ohw sE|� eh vxfk d vroxwlrq1 Wkhq/ iurp
Wkhruhp :14/ sE|� ' �

�
E�nq*@n e3|�n JE�� dv | $ �4 zlwk vrph frqvwdqw �

�
1

Lq dgglwlrq/ iurp wkh surri ri Wkhruhp :19 #E|� ' �nq*@ne3|nJE�� dv | $ �4�
Wkhuhiruh/ li zh vhw � htxdo wr �

�
n q3�E2 n q*@�3� lq +:17:,/ wkhq zh rewdlq d

vroxwlrq s
2
E|� wkdw kdv wkh vdph dv|pswrwlf ehkdylru dv sE|� iru | $ �41 Wkxv/

iru hyhu| B : f wkhuh h{lvwv d j 	 f vxfk wkdw

t�T
|$j

m sE|�� s
2
E|� m	 B� E.�eH�

Li | 5 djc fo wkhq/ iurp Kdoh +4<::/ Wkhruhp 91615,/ sE|� kdv wkh iroorzlqj uhsuh0
vhqwdwlrq

sE|� ' sEj�LE|c j� � >
U
j

j3�

sEr�LE|c rn ��d0� 2@ t�?�Ern ��o3�_r

n
U
|

j

LE|c r�E0� 2@ t�?� r�3�_rc

dqg wkdw wkh uhsuhvhqwdwlrq iru s
2
E|� lv rewdlqhg e| uhsodflqj sE|� zlwk s

2
E|�1

Khqfh/

sE|�� s
2
E|� ' dsEj�� s

2
Ej�oLE|c j�

� >

]
j

j3�

dsEr�� s
2
Er�oLE|c rn ��d0� 2@ t�?�Ern ��o3�_r�

Iurp +:17;, dqg wkh erxqghgqhvv ri LE|c r� zh jhw

4@ 
|Mdjcfo

m sE|�� s
2
E|� m	 gBcg ' SJ?r|� E.�eb�

zkhuh g lv d frqvwdqw1 Ehfdxvh B : f lv duelwudu| lq +:17;, dqg +:17<, lw iroorzv
wkdw sE|� ' s

2
E|�1

Iurp wkh odvw wkhruhp zh duh lq d srvlwlrq wr suryh rxu pdlq uhvxow derxw wkh
vroxwlrq ri v|vwhp +:14,0+:16,1

Wkhruhp :1;1 Wkh v|vwhp +:14,0+:16, kdv d xqltxh vroxwlrq1
Surri= Dffruglqj wr Wkhruhp :1: wkh jhqhudo vroxwlrq ri +:15, rq E�4c fo lv jlyhq
e| +:17:,1 Wr vdwlvi| +:14, dqg +:16, rqh pxvw pxowlso| +:17:, e| e| rq d��c fo dqg
vroyh +:14, zlwk dq lqlwldo frqglwlrq e|s

2
E|�/ iru | 5 d��c fo1 Zh vkdoo vkrz wkdw

wdnlqj d vxlwdeoh frqvwdqw � lq +:17:, zh fdq hvfdsh wkh vlqjxodulw| wkdw +:14,
kdv dw | ' *? %

�
1 Wkhq/ ehfdxvh wkh frh!flhqwv ri +:14, duh xqerxqghg rqo| lq d
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qhljkerukrrg ri | ' *? %
�
/ wkh h{lvwhqfh dqg xqltxhqhvv ri wkh vroxwlrq ri +:14,

iroorz iurp Kdoh +4<::/ Wkhruhp 91414,1
Zh vhw & ' *? %

�
dqg wdnh dq duelwudu| B 5 Efc4�?E&c �

2

��1 Iurp +:14;, wkh
vroxwlrq ri +:14, kdv wkh iroorzlqj uhsuhvhqwdwlrq lq d& � Bc & n Bo=

s
�
E|� ' T E|c & � B�s

�
E& � B�

�b

]
&3B

&3B3�

s
�
Er�d0� 2@ t�?�Ern ��o3�T E|c r n ��_r E.�Df�

n

]
|

&3B

E0� 2@ t�?� r�3�T E|c r�_r

' E� n %
2
e|�3KE� n %

�
e|�3SiE� n %

2
e&3B�KE� n %

�
e&3B�Ss

�
E& � B�

n

]
|

&3B

d�� bs
�
Er� ��oE0� 2@ t�?� r�3�E� n %

2
er�KE� n %

�
er�S_rj�

Ehfdxvh � n %
2
e& ' f dqg K : f/ wkh ixqfwlrq s

�
E|� lv erxqghg lq d qhljkerukrrg

ri | ' & rqo| li

f ' E� n %
2
e&3B�KE� n %

�
e&3B�Ss

�
E& � B�

n

]
|

&3B

d�� bs
�
Er� ��oE0� 2@ t�?� r�3�E� n %

2
er�KE� n %

�
er�S_r� E.�D��

Iurp o*K÷slwdo*v uxoh rqh fdq yhuli| wkdw +:184, lv vx!flhqw iru erxqghgqhvv ri
s
�
E��1 Iurp Wkhruhp :1: li | 5 d& � B � �c & � Bo/ wkhq

s
�
E|� ' s

E��

�

E|� n s
E2�

�

E|� n �s
E��

�

E|�c E.�D2�

iru vrph frqvwdqw �/ zkhuh s
E��

�

E|� lv d vroxwlrq ri +:14, zlwk lqlwldo frqglwlrq
s
E��

�

Ef� ' f/ s E2�
�

E|� lv d vroxwlrq ri +:155, zlwk lqlwldo frqglwlrq rq d��c fo htxdo

wr ��ne

|
E�n

q

@
�

qE2n

q

@
�

/ dqg s
E��

�

E|� lv d vroxwlrq ri +:155, zlwk lqlwldo frqglwlrq rq d��c fo

htxdo wr e|#E|�1 Qrwh wkdw li | � &� B/ wkhq wkh frh!flhqwv ri +:14, dqg +:155, duh
erxqghg dqg/ wkhuhiruh/ doo ixqfwlrqv lq +:185, duh zhoo gh�qhg1

Vxevwlwxwlqj s
�
E|� iurp +:185, lqwr +:184, zh rewdlq d olqhdu dojheudlf htxdwlrq

iru wkh frqvwdqw � wkdw dozd|v kdv d vroxwlrq � ' 7� li � 9' f1 Li � 9' f/ wkhq
vhwwlqj � ' 7� lq +:185, hqvxuhv wkdw wkh frqglwlrq +:184, krogv1 Wkhuhiruh zh
rewdlq d erxqghg vroxwlrq ri +:14, lq d& � Bc & n Bo jlyhq e| +:183,1 Ehfdxvh wkh
frh!flhqwv ri +:14, duh erxqghg frqwlqxrxv ixqfwlrqv iru | � &n B/ lw iroorzv wkdw
wkh vroxwlrq fdq eh h{whqghg wr wkh hqwluh srvlwlyh kdoi0olqh1
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Wr frpsohwh wkh surri/ lw lv vx!flhqw wr vkrz wkdw

f 9' E� n %
2
e&3B�KE� n %

�
e&3B�Ss

E��

�

E& � B�

�b

]
|

&3B

s
E��

�

Er� ��E0� 2@ t�?� r�3�E� n %
2
er�KE� n %

�
er�S_r� E.�D��

Wr vkrz wklv/ zh dvvxph wkh frqwudu|1 Wkhq/ uhshdwlqj wkh deryh dujxphqw wkdw
zdv xvhg iru s

�
E|� dqg +:14,/ zh vhh wkdw

s
E��

�

E|� ' E� n %
2
e|�3KE� n %

�
e|�3SdE� n %

2
e&3B�KE� n %

�
e&3B�Ss

E��

�

E& � B�

�b

]
|

&3B

s
E��

�

Er� ��E0� 2@ t�?� r�3�E� n %
2
er�KE� n %

�
er�S_roc

uhpdlqv erxqghg lq d&�Bc &n Bo1 Wkhuhiruh/ s E��
�

E�� fdq eh h{whqghg rq d&n Bc4�
wr vdwlvi| +:155,1 Iurp Wkhruhp :16 +l, dqg Wkhruhp :19 zh frqfoxgh wkdw

lE|� '

�
#E|�c | � f

e3|s
E��

�

E|�c | � f
c

lv d qrq0wulyldo joredo vroxwlrq ri +:18,1 \hw Grqfkhy +4<<8f, vkrzv wkdw htxdwlrq
+:18, kdv qr qrq0wulyldo joredo vroxwlrqv1

Uhihuhqfhv

^4` Ehuwvhndv/ G1 dqg V1 Vkuhyh +4<:;,/ Vwrfkdvwlf Rswlpdo Frqwuro= Wkh Glvfuhwh
Wlph Fdvh/ Qhz \run= Dfdghplf Suhvv1

^5` Grqfkhy/ G1 +4<<8d,/ �Rq wkh Wzr0Duphg Edqglw Sureohp zlwk Qrq0
Revhuyhg Srlvvrqldq Vzlwfklqj ri Dupv�/ suhsulqw1

^6` Grqfkhy/ G1 +4<<8e,/ �D V|vwhp ri Ixqfwlrqdo0Gl�huhqwldo Htxdwlrqv Dvvr0
fldwhg zlwk wkh Sureohp ri Rswlpdo Ghwhfwlrq ri Mxps0Wlphv ri d Srlvvrq
Surfhvv�/ suhsulqw1

^7` Grqfkhy/ G1 +4<<8f,/ �D Sureohp ri Rswlpdo Ghwhfwlrq ri Mxps0Wlphv ri d
Srlvvrq Surfhvv�/ suhsulqw1

^8` G|qnlq/ H1 dqg D1 \xvknhylfk +4<:<,/ Frqwuroohg Pdunry Surfhvvhv/ Qhz
\run= Vsulqjhu0Yhuodj1
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^9` Kdoh/ M1 +4<::,/ Wkhru| ri Ixqfwlrqdo Gl�huhqwldo Htxdwlrqv/ Qhz \run=
Vsulqjhu0Yhuodj1

^:` Suhvpdq/ H1 +4<<3,/ �D Srlvvrqldq Yhuvlrq ri wkh Wzr0Duphg Edqglw Sure0
ohp zlwk Glvfrxqwlqj�/ Wkhru| Sure1 Dsso1 +68,/ 63:064:1

^;` Suhvpdq/ H1 dqg L1 Vrqlq/ Lqfrpsohwh Gdwd Vhtxhqwldo Frqwuro +lq Uxvvldq,/
Prvfrz= Qdxnd1

^<` Vdujhqw/ W1/ +4<<6, Erxqghg Udwlrqdolw| lq Pdfurhfrqrplfv/ R{irug= Foduhq0
grq Suhvv1

^43` \xvnxhylfk/ D1 +4<;;,/ �Rq wkh Wzr0Duphg Edqglw Sureohp zlwk
Frqwlqxrxv0Wlph Sdudphwhu dqg Glvfrxqwhg Uhzdug�/ Vwrfkdvwlfv +56,/ 6<<0
7431

^44` \xvnxhylfk/ D1 +4<<3,/ �Vhqvlwlyh Rswlpdolw| Fulwhuld iru wkh Wzr0Duphg
Edqglw Sureohp�/ Wkhru| Sure1 Dsso1 +68,/ :<60:<:1

73


