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Abstract

We develop a model in which investors must learn the distribution of
asset returns over time. The process of learning is made more difficult by
the fact that the distributions are not constant through time. We consider
risk-neutral investors who have quadratic utility and are selecting between
two risky assets. We determine the time at which it is optimal to update the
distribution estimate and hence, alter portfolio weights. Our results deliver
an optimal policy for asset allocation, that is, the sequence of time intervals
at which it is optimal to switch between assets, based on stochastic optimal
control theory. In addition, we determine the time intervals in which asset
switching leads to a loss with high probability. We provide estimates of the
effectiveness of the optimal policy.

1. Introduction

Rational expectations has established a long tradition in economics. The theory of
rational expectations has two components: first, that individuals maximize a spec-
ified function subject to constraints; and second, that the constraints perceived
by individuals are mutually consistent. In applications to portfolio selection in
finance, the second component typically means that the individuals know the un-
derlying probability distributions for asset returns. As Sargent (1993) describes,
because individuals are assumed to know the underlying distributions, modeling
individual learning is not a central feature of a rational expectations equilibrium.
Recently, a literature has developed that moves away from rational expectations



by removing the second component. That is, individuals still maximize a specified
function, but they do so in the presence of uncertainty about the underlying prob-
ability distribution. To resolve the uncertainty, the individuals learn about the
underlying distribution in much the same way that the econometrician studying
the problem does, by observing data and revising estimates of the data generating
process. Much is now known about how agents learn in environments where the
underlying distributions are unchanging through time. We study learning in an
environment in which the underlying distributions are changing through time.

To study learning in a time-varying environment, we consider a risk-neutral
investor who is selecting between two risky assets. The underlying distributions
that generate the returns for the two assets change at unknown points in time.
The investor thus faces two sources of uncertainty: first, the uncertainty about the
distributions of the two assets in the first period; and second, the uncertainty that
results from the changes in the distributions over time. Because the distributions
change at unknown points in time, the problem is more complicate than typically
arises in standard models of learning. We derive the optimal portfolio allocation
strategy for the investor based on stochastic optimal control theory.

To understand how stochastic optimal control theory relates to the risk-neutral
investor’s portfolio allocation problem, consider the following model. Let the
two assets be labeled asset 1 and asset 2 and assume that the returns on the
assets are independent. Rather than modeling the returns to an asset directly,
let the returns to an asset in a given period consist of the sum of cash payments
(or flows) that occur over the period. Each payment in the cash flow stream
is identical, both across time and assets, the variation in returns is introduced
through variation in the frequency with which cash flows are paid. The cash flow
stream for each of the assets is a Poisson process. It is known that the intensity
of the underlying Poisson process can take on only two values, given by A > pu,
and that the process underlying asset 1 has a different mean than the process
underlying asset 2. Further, the returns process of the two assets switches at
random points in time unknown to the investor. The points in time at which the
mean cash flow from asset 1 switches between A and p are determined by a third
independent Poisson process that has intensity a. Thus the investor’s problem is
dynamic; the investor needs to determine which asset has the underlying Poisson
process with intensity A at a given moment in time.

By modeling the cash flows generated by each asset, we are able to link directly
to stochastic optimal control theory. The underlying data generating process for
the cash flows corresponds to the two arms of the “two-armed bandit” that is



studied in the stochastic control literature. Because the returns process switches
at random points in time, the portfolio allocation problem corresponds to the
two-armed bandit problem with unobserved switching between arms studied by
Donchev (1995).

We describe the investor’s problem with statistical hypotheses. The null hy-
pothesis is that asset 1 has the lower mean return, p, at a specific period. We
denote this hypothesis H;. At each moment in time the investor calculates the
probability that H; is true. In period 0 the investor begins with one dollar and
the a priori probability = that H; is true.! The investor’s plan, or policy, consists
of the investment allocation for each period. If we let the random variable U,
indicate the proportion of the dollar that is invested in asset 1 in period ¢, then
the investor’s policy is a random process ™ = {U;},-, where for each period ¢, the
random variable 0 < U; < 1 depends only on past observations of returns to the
two assets. (We assume that the investor observes returns from both assets at
each point in time.) We let N;(¢) be the number of cash payments that accrue
to the investor from asset 1 over the time span [0,¢] and let Ny(t) be defined
analogously for asset 2.

The number of cash payments that accrue to an investor over the period (0,7)
is

/T(dN1 (t) + dNs(t)).

Because the number of cash payments is random, we work with the expected
number of cash payments. By construction, the maximum value of the expected
number of cash payments over the period (0,7") is AT. The expected number
of cash payments received by the investor depends both on the policy 7 and on
x, which is the initial probability that asset 1 is the higher mean return asset.
The expected difference between an investor’s cash payments and the maximum
number of cash payments, denoted v™(z), is

o (z) = B /O (AL (t) + dNo(£) — AdE) < 0, (1.1)

where E7 denotes the expectation constructed under policy 7 with a priori prob-
ability x. The policy ¢ is optimal if

v¥(x) =sup v" (z). (1.2)

™

1For notational simplicity, we fix the investment base at one dollar, that is the investor
consumes each cash payment as soon as it is received.
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The quantity v¥(x) corresponding to the optimal policy is said to be a value
function of the problem. Let F; denote all observations on Np(t) and Ny(t) up
to time t. The conditional, or a posteriori, probability that H; is true is z; =
P,(H; | F;), which depends on the a priori probability x. In what follows, we at
times refer to z; as the control.

In an interval of length T', a Poisson process with mean cash flow A generates
AT cash payments on average. The parameter A is the jump rate of the Poisson
process, which is the expected number of cash payments (or jumps) that accrue
over one period. That is, if EdN;(t) = A\dt, then X is the jump rate for N;(t).
Because N (t) is the number of cash payments that flow to the investor from asset
1, the jump rate for N;(t) depends on both the jump rate for the asset and on the
investor’s perception about the quality of asset 1. (Clearly, if the investor thinks
asset 1 is inferior to asset 2 over the entire interval and so invests nothing in asset
1, the jump rate for Ni(t) is zero even if the underlying asset actually generated
cash flows.) The investor’s conditional expectation of the jump rate for Ny(t) is
Uilpxy + M1 — )], where U; measures the proportion of the dollar invested in
asset 1 and z; is the investor’s conditional probability that asset 1 has jump rate
p. Similarly, the investor’s conditional expectation of the jump rate for Ny(t) is
(1 —=U)[Aze + p(1 — 24)], s0 (1.1) is

@) = <BE [ O~ [l + (L= U)(1 = 20) e (13)

The investor’s decision problem is to choose 7 to maximize (1.3). Because
there are two sources of uncertainty for the investor, the initial uncertainty about
which asset has the higher expected return and the additional uncertainty from
the “switching” of the higher expected return between assets, (1.3) is infinite for
any reasonable policy. To ensure that the decision problem is well defined, we
introduce a discount factor g > 0 so that the investor discounts future returns.
The investor’s decision problem is to choose 7 to maximize

v (z) = —E] /000 e Uz, + (1 — Uy (1 — )] dt. (1.4)

As we show below, to choose the optimal value of Uy, the investor only needs
to know the a posteriori probability x;. Thus, the optimal policy is a function ¢ :
[0,1] — [0, ¢] that defines a correspondence between the values of the a posteriori
probabilities and the optimal values of {U;}. We let U; = 1 correspond to the
decision to invest the entire dollar in asset 1, U; = 0 correspond to the decision
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to invest the entire dollar in asset 2, and the boundary case U; = % correspond

to the decision to leave the entire dollar invested in the asset selected in period
t — 1. The optimal policy function is of the form

1,xt <
plze) = 0,20 > (1.5)

1
5,1}/—

[N N o

The intuition for the result is straightforward. Because the investor is risk neutral,
the investor chooses to maximize expected return without regard to risk. As a
result, the investor will always choose to invest completely in the asset with the
highest expected return, so the only relevant values for U, are (0, %, 1).

In Section 2 we describe the optimal policy that maximizes expected dis-
counted returns. In Section 3 we outline the proof of our main result, namely the
optimal policy for (1.4), and cite several results from Donchev (1995) that charac-
terize {z;}. (Complete proofs of all auxiliary results are given in the appendices.)
In Section 4 we consider the case p = 0. If 4 = 0, the problem is simplified in such
a way that we obtain explicit formulas for the discounted expected returns that
correspond to the optimal policy. We use the formulas to calculate the maximum
average return per unit time.

2. Description of Optimal Policy

Before presenting the formal proof of the optimal portfolio allocation policy, we
describe the results in a nontechnical way. The key to understanding the deriva-
tion of the optimal policy consists of two parts: first, that the optimal policy
depends only on the process {z;}, and second, that the process {x;} depends on
the investor’s observations on cash flows. To specify the investor’s observations
on cash flows, let N;}(t), for i = 1,2, be the flow of cash payments from asset i.
Note that N;(t) is the flow of cash payments generated by asset i, and so does not
depend on the investor’s portfolio allocation {U,}, while N;(t) is the flow of cash
payments generated by asset ¢ that accrue to the investor, and so does depend on
the investor’s portfolio allocation {U;}.
To capture the investors observations on cash flows we specify the process

1+ fot Ni(s)ds

St = 1+ fot Ni(s)ds’

(2.1)



which the investor is assumed to monitor. By construction S(0) = 1. An advan-
tage of monitoring the ratio is that the investor needs to keep track of only one
process. Unfortunately, it is not easy to obtain solutions for such a ratio if p > 0.
To treat the case for which p > 0, we also derive results when the investor must
monitor two cash flow processes, defined as

St = /O N (s)ds, (2.2)
Sy(t) = /0 N2 (s)ds,

where S1(0) = S2(0) = 0. We also assume that in altering the portfolio allocation
the investor bears transaction costs. We begin at period 0 and study the actions
of an investor over the time interval [0,74]. Suppose that x € [0,.5], so that the
investor believes that it is more likely that asset 1 has the higher mean return.
Initially, the investor places the entire dollar in asset 1.

To relate the relative outcome of a given investment plan, v™(z), to the under-
lying cash flow processes, we split the positive time axis into sequential intervals.
If the first interval represents a period in which asset 1 has the higher intensity
cash flow A, then the second interval represents a period in which asset 2 has
the higher intensity cash flow. The points in time at which the mean cash flow
from asset 1 switches between A and p are determined by a third Poisson process,
which is independent of both N;(¢) and N»(t), that has intensity a. The length of
any interval is random and is determined by the arrivals from a Poisson process
with intensity a.

To understand the investors portfolio allocation decisions, we present the deci-
sions confronted by the investor in each case. The technical results that underpin
the investors decision are presented in the next section. For each of the following
cases, we first assume that the initial condition = € [0,.5). (The case = € (.5, 1.0]
is symmetric as we show in (2.4). The case x = .5 is different, and we describe
it below.) We illustrate the optimal strategy for each case by examining one
trajectory.

Case 1. We begin with the case in which the investor monitors the ratio of
cash flows from the two assets given by (2.1), thus p = 0.

Suppose the process S(t) stays below S(0) 4 g over the interval [0,%4]. (Here,
g0 = £0(A) > 0. We allow the value of the transaction costs to depend on both
time and the intensity \.)? Because the information from the observed cash flows

?Because the investor is monitoring the ratio, the value go(\) must be chosen in such a way
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is not precise enough to overcome the transactions costs, which are less than gy(A),
the investor does not alter his portfolio. The process x; increases continuously and
approaches .5, because the value .5 corresponds to the belief that the assets are
equally likely to have cash flows generated by a Poisson process with intensity .
More precisely, as we derive in Theorem 3.1, x; satisfies the following differential
equation

z, = Azy(1 — 1) + a(l — 2z;), (2.3)
dzy

where z, = o+ Recall that a > 0 is the rate at which the mean return of the
assets switches.

The process S(t) goes above the level S(0)+eo(A) for the first time at time t5 >
ta. At the point 5 the existing observations indicate that asset 1 is the better
asset, so x; jumps instantaneously to 0, that is z;, = 0. At time ¢z the bound for
which the investor resets x; and so potentially alters portfolio weights becomes
S(tg)+ep(N). If the value of S(t) stays below S(t5)+ep(A) over the period [¢5, tc],
then the process =, again increases continuously and approaches .5 according to
(2.3). At the point t¢, the control z;, = %3 At time to the bound for which
the investor resets z; becomes S(t¢) + ec(A). The control remains at the value 5
as long as S(t) remains within [S(t¢) — ec (), S(te) + ec(N)]. If S(t) goes above
the level S(tc) + ec () for the first time at ¢p+, then z; jumps instantaneously
to zero. If S(t) goes below the level S(t¢) — ec(A) for the first time at ¢, then
x; jumps instantaneously to one. If S(¢) remains above S(tp-) — ep-(A), then z;
decreases continuously and approaches .5. Again from Theorem 3.1, x; satisfies
the following differential equation

z; = =My (1 — 2) + a(l — 2zy), (2.4)

with initial condition xp- = 1.0.

Our optimal policy suggests that if z; is in the interval [0, .5), then the investor
should allocate his entire portfolio to asset 1. If z; is in the interval (.5, 1], then
the investor should allocate his entire portfolio to asset 2. If x; = .5, then the
investor’s decision is more complicated. With z; constant at .5, the investor
believes it equally likely that either asset is the high return asset and so does not
change his investment position.

that the value of ¢ for which the ratio first crosses the value S(0) + g9()\) is an exponential
random variable with mean %

3Because the process x; approaches the value % continuously from below, the process cannot
exceed % without first equaling %



The results in Section 3 reveal that under the optimal policy, the investor
allocates his portfolio to the high return asset at least half of the time, on average.
If % — oo then the average time that the investor allocates his portfolio in the
high return asset tends to 1. More precisely, if % — oo then for

™ 1 —
B |5 (Nift) + Na(8))| =1+,

g — 0. An explicit expression for g = limgo fvg(x), with vg(x) is the maximizer
of (1.4), is contained in (4.3). In other words, if the underlying distributions of
the assets switch rarely, then the investor almost always invests in the high return
asset.

Case 2. We now consider the general case in which p > 0, so the investor
monitors the two processes given by (2.2).

Over the interval [0,¢4], the process S;(t) stays below S7(0) + £o(\) and the
process Ss(t) stays below S2(0) + 8o(p). (The value of €y depends on A because
the initial value z indicates that the investor believes asset 1 has cash flows with
intensity A.) The process x; increases continuously and approaches .5, because
the value .5 corresponds to the belief that the assets are equally likely to have
cash flows generated by a Poisson process with intensity A\. More precisely, as we
derive in Theorem 3.1, x; satisfies the following differential equation

2, = (A= p)(2U; — Day(1 — ;) + a(l —2xz,), 0 <t <ty

with initial condition z € [0,.5).
The process S;(t) goes above the level S;(0) + £¢(A) for the first time at time

tp > ta, while the process Si(t) remains below S3(0) + 6o(p) over the interval
[ta,tB] . (There is zero probability that both processes will leave there respective
intervals at precisely the same moment.) At the point ¢z the existing observations
indicate that asset 1 is the better asset, so z; jumps instantaneously to a lower
level ~
HTy

Tp, = — — < T,
T g, + AL —2y)

tB’

where z;, = limgyy, 2.

The process S2(t) goes above the level S5(0) + 8o(u) for the first time at time
tp, while the process Si(t) remains below S1(0) + £9(\) over the interval [t4,¢p].
At the point ¢p the existing observations indicate that asset 2 is the better asset,



so z; jumps instantaneously to a higher level
B ATy,
P e, +p(l— )

Lt

The value of x;,, which depends on the value z;_, falls into one of the following
ranges: Ty, < 1/2, or x;, > 1/2. If ;, < 1/2, then the investor continues to
invest his entire portfolio in asset 1. If, however, z;, > 1/2, then the investor
switches his entire portfolio in asset 2 at time tp. Because it is possible that
@ > 0, there is no explicit formula for 1 4+ g and the [-discounted total reward,
vg(x). However, we construct two-sided bounds for these quantities (see Theorem
3.3).

3. Formal Results

We begin this section with characterization of the optimal control process {z;}.
For notational ease, let N! = N;(t), N2 = Ny(t), and ¢ = (A — ). We assume
that A > > 0.

Theorem 3.1: The process {x;} is piecewise-deterministic and its jump-rate is
equal to U[pzy + A1 — )]+ (1 = Up) [z + (1 — x4)]. The jump-times t,, n > 1,
of {x;} coincide with those of the process {N} + N?} and its state immediately
after the n-th jump for n=1,2,... is

Uty : 1 _ 1-
) { TRl if N} N;n 1 .
n Tty : 2 - _ .
iy NG SN =1

In every interval [t,,t,.1), n > 0, to = 0, the sample paths of {x} satisfy the
following first-order differential equation

z, = e(A\U; — D)ay(1 — ) + a(l — Axy)

T, = Tnp,

(3.2)
where xy = x and x,, n > 1 are given by formula (3.1).

Proof. See Appendix 1.

The next theorem contains our main result. We provide the optimal policy,
which is the policy that yields the value

vg(x) = max —E7 /000 e Uz, + (1 — Up)(1 — z,)]dt. (3.3)

™
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Theorem 3.2: There exists a constant K > 0 that depends only on p and such
that for all a > K the policy (?7) maximizes (1.4). Moreover, the function
K = K(u) is non-decreasing and K(0) = 0.

We only sketch the proof of this theorem. Making use of Theorem 3.1 we
define operators Ly, Ly and L acting on functions veC" ([0, 1]) by the formulas:

Lyv(z) = [ex(l — z) + a(1 — 22)]v'(z)

+px + A1 — )] {v (m%) — v(x)} -, (34)
Lgv( = [—ez(1 — z) + a(l — 22)]v'(x)
P+ -] [o (i) @] — (0 —2) = Liv(1 — ), (3:5)
Lv(z,u) = ulyv(x) + (1 — u)Lyv(z). (3.6)
Then, the Bellman equation corresponding to (3.3) turns into
max Lv(z,u) = fv(z). (3.7)

uel0,1]

Since the operator L is a linear function of u, (1.5) and (3.4) imply that in order
to prove Theorem 3.2 it suffices to find a function veC?(]0, 1]) that satisfies the
conditions:

Lyv(z) = po(z),z > 1/2, (3.8)
Lyv(z) < po(z),z > 1/2, (3.9)
v(z) =v(1 —x),z€[0,1]. (3.10)

Such a function should satisfy also equation (3.6) and it should be a value function
of the problem (3.3). Note that condition (3.9) implies that

v'(1/2) = 0. (3.11)

Condition (3.7) is a functional-differential equation for the unknown function
v(z). After introducing a logarithmic scale y = In(l — z) — Inz and a new
unknown function V' (y) = v( the expressions for the operators L; and Lo
take the following form:

1+ey)

L1V (y) = —(e+2sinh(y)a)V'(y) —Mlltfij V) -V+l- 15 612
LaV(g) = (¢ = 25mb(p))V'(3) ~ A== (Vi) = Viy = )] - Ty (313)
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where sinh(y) is the hyperbolic sin of y and v = In\ — Inu. So, conditions
(3.7)-(3.10) turn into:

L,V (y) =68V (y),y <0, (3.14)
LiV(y) < BV(y),y <0, (3.15)
V(y) =V(-y), (3.16)
V(0) = 0. (3.17)

Let us note that in view of (3.12) the equation (3.13) has a constant delay. It is
convenient to define a new unknown function f(y), y < 0, by the formula

fly) = A +e?)V(y). (3.18)

Substituting V' (y) from (3.17) in (3.13) and utilizing (3.12) we obtain the following
equation for the function f(y):

Fy) = plfy) = fly—p]+(a+5—ae¥)fly) +1

e — 2sinh(y)a
As shown by Donchev (1995a, Theorem 4.3 (see Appendix 3)) the general solution
of this equation on the negative half-line is

1+58 e
B2+2)

where 7(y) is a non-trivial solution of the corresponding homogeneous equation,
which has the value 1+ g +eY+0(1) as y — —oo. To every solution of equation
(3.18) there corresponds a unique solution of equation (3.13). Moreover, we are
in a position to choose the constant K in (3.19) in such a way that (3.16) holds.
Taking an even continuation of function V'(y) on the positive half-line we can fulfill
condition (3.15) as well. To complete the proof of Theorem 3.2 it suffices to verify
the inequality (3.14). The main difficulty in the proof of this inequality is that
the function 7(y) in the right-hand side of formula (3.19) cannot be represented
in closed form. To overcome the difficulty we obtain estimates which allow us to
prove (3.14) for all small enough £.

Let us set K = ! (A + g)_lin (3.19) and denote by £(y) the corresponding

solution of equation (3.18). Since the function n(y) has the value 1+ g +eY+o0(1)
as y — —oo, it follows that £(y) = o(1) as y — —oo. Consider the functions
e V(L4 zpe¥) (1 + 21e¥) ¢ — (¥ + 1 + =L2)
d(y) = (3.21)

am

(3.19)

fly) = Kn(y), K = const, (3.20)

11



e7V(1 + z9€¥) B (1 + 21e¥)7C — (e7¥ + 1 + 212
D(y) = i : (3.22)

where
€

€ 2
— 1. (—) 2
1.2 2a + 2a (3 3)

are roots of the equation z* — 22 — 1 = 0 and the other constants are equal to

1+ 8 1+ 8
b:M,C:_w (3.24)
L1 — X2 L1 — T2
1 1
T — X9 1 — X2
= —m)e=Loi By s E (142
m = —(x1 — ) bc-a(2+a)+a(1+a>, (3.26)
A
M:—(xl—xg)QBC:<1+MZﬁ> <1+ Zﬂ>—1. (3.27)
The functions d(y) and D(y) satisfy the ordinary differential equations
1—(ae™ —a— P)d(y)
d(y) = 2
() e — 2sinh(y)a ’ (3:28)
1—(ae™¥ —a—p—PB)D(y)
D'(y) = 2
() e — 2sinh(y)a ’ (3:29)
respectively, as well as the condition
lim d(y) = lim D(y)=0. (3.30)

Yy——00 Y——00

The following theorem (Donchev (1995, Theorem 3.1)) allows us to prove an in-
equality which is stronger than (3.14).

Theorem 3.3: If £ > 0 is small enough, then

0 < d(y) < &(y) < D(y), (3.31)

0<d(y) <&(y) <Dy, (3.32)
for all y < 0.

12



Proof. See Appendix 2.

All details of the proof of inequality (3.14) can be found in Donchev (1995a).
So, all conditions (3.7)-(3.10) hold true for the function v(z) = V(In1=%). This
completes the proof of Theorem 3.2.0

The function v(z) = V(Ini=%) is the value function for (1.4). Note that
according to Theorem 3.3 both v(x) and its first derivative can be estimated by
means of the functions d(y) and D(y).

4. The case =0

If 11 equals 0 then only one of the bandit’s arms yields a positive gain. According
to Theorem 3.2, if u = 0 then the policy (1.5) is an optimal policy for every a > 0.
Comparing formulas (3.20) and (3.21), we obtain that in this case both functions
d(y) and D(y) coincide. Hence, in view of Theorem 3.3, each of these function
equals £(y). This allows us to find an explicit expression for the value function
v(x).

Denote by ¢g the maximum average income per unit time defined by the formula

i
g:—amgnfqg/ﬁm@+4y—mx1—@ﬂﬁ. (A1)
T o0 0

Theorem 4.1: If u =0, then for any a > 0 the policy (1.5) is Blackwell optimal
(that is, it is uniformly optimal with respect to ) for the problem (1.4). Moreover,
the value function v(z) = vg(z) and the maximum average income per unit time
equal

—B [P+ 20)°(1 + 21)? — 2EE] [1 4 £(1 — 2)]
o g+ o1 - 2)]" u+@u—xnb —%?ﬂ—x&,ﬁleﬂ
5 [ )L~ 222] 1+ 2]
+a ' (1 — 2+ z2)” (1—x+x2x)b—1—%’3x],ifx§1/2

(4.2)

~1
Hug(x) = 5

1 5 (1 =% 1
z1— 502 z1—xz9 —
g=—- ( i xQ) ( a xl) 1tag (43)

+]
2(1 4 x9) =1- 12(1—}-131)21 Ho1
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respectively, where the constant H in (4.2) is

A B g

H=—(1+)+(@2+") {(1+xg)c(1+x1)b’\+2ﬁ 2

—] , (4.4)

a a a

and b and c are given by the expressions (3.23) and

A A\
=—=+4/1 — | .
12 =0, * (2&)
Proof. It follows from the paragraph preceding Theorem 4.1 and the definition
of £(y) that
ay) 12—
d(y) = a . y<0 45
(y) 52+ 2 y (4.5)
d(y) being defined by (3.20). Hence, we get n(y) = B(2+ 2)d(y) + 1+ 2 + e V.
Substituting this expression in (3.19) we obtain

f) = K= 2| (14 2o ) K+ D), <0 @)

and in view of (3.17)

V(y) = [K—61(2+§)1] (1+§- T

B, d(y)

(4.7)

On the other hand, formula (3.20) implies

am
1+ev

_ e 1 A+ 1
d(y) = (1 )71 v)=e — (1 <0.
) =+ 214 = (1422 ) <o

a

Hence, the expression (4.6) turns into

V()= [K -2+ D7 (1 o) + 02+ 0)

alte ¥

X [(1 + @9e?) (1 + mley)*cﬁ — (1 + %’Blé,y)} , y<0.
Because b+ ¢ = —1, we rewrite vg(x) = V(In 1=2) in the following form

va(z) = [K - B2+ 8 [1+2(1—2)] + 224 5

a

x{lz+az(l—2) P z+a(l—2)] " —1-22(1-2)}, z>1/2.
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We determine the unknown constant K from the condition (3.10). The derivative
of vg(x) is

(K-8 + B )

V()
A [x—l—xl(l—m)]b[m—l—mg(l—ac)]c}, z>1/2.

v {M_ +28

a a

Thus, the condition (3.10) implies that

_ By 1m
K=p7"'2+=)"'=
H being given by (4.4).
Substituting (4.8) in (4.7) and taking into account condition (3.9) we get (4.2).
The Laurent expansion of vg(z) implies that

= lim fvg(x).
g =lim Bvg(z)
From the expression for g we obtain (4.3).0
Comparing formulas (1.1), (4.1) and (1.4) we see that 1 + ¢ is equal to the
average time the investor makes the right decision following the policy (1.5). It is
easy to verify that 1 + g is between 1/2 and 1. In fact, for any fixed A > 0:

1
lirré(l +g)=1, lim(1+g) = 3
The sense of these formulas is quite apparent. If the underlying intensity switches
rarely, then the investor is able to determine the high intensity asset almost all the
time. Conversely, if the underlying intensity switches too often, then the investor
is unable to improve on a policy based on random coin flipping.
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5. Proof of Theorem 3.1 (Appendix 1)

We use a general model of control with incomplete information and its reduction
to a complete information model as expressed in Bertsekas and Shreve (1978) and
Dynkin and Yushkevich (1979). The model M = {S,C, Z, k,r} consists of the
following elements:

1) The state space S = {1, 2} consists of two elements. The state s = i,i = 1,2,
means that the hypothesis H; is true;

2) The space of all admissible controls is C' = [0, 1]. This is the state space of
the process {U,};

3) The observation space Z = {0,1,2}. We observe the state z = 0 if the
process { N! + N2} has no jumps over the interval (¢, ¢+ At). If the process { N/}
({NN?}) has jumps over the interval (¢,t + At), then we observe the state z =1 (
z =2).

4) The transition kernel ka,(- | s) is a measure on S depending on s € S which
we define as follows

kac(1] 1) = kar(2 ] 2) = 1 — aAt,

kae(1]2) = ka(2 ] 1) = aAt;

5) The observation kernel ra¢(- | s,u) is a conditional probability on Z de-
pending on (s,u) € S x C. We set

rac(l | Lu) = pult, ra(2 | 1,u) = A1 — u)At,

rac(l ] 2,u) = MAt, ra (2| 2,u) = p(l — u)At,
rac(0] Lu) =1—[pu+ A1 —u)]At =1 — (A — eu)At,
rac(0] 2,u) =1 — [Au+ p(l —u)]At =1 — (p + eu)At,

where in the formulas for £ and r the lower index denotes the length of the time
interval.

We apply the well known filtration algorithm to the model M. The algorithm
is used to calculate the a priori and a posteriori probabilities of the states of
space S in sequential time intervals. It follows from the definition of the process
z, = P[{H; | F}}, that its value at time ¢ is equal to the a posteriori probability
of the state 1 € S. Denote by p; the a priori probability of this state and assume
that in the interval (s,t 4+ At), s < t, At > 0, the control U; is used. Since we
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shall pass to a limit as s T ¢t and At | 0 the assumption is not restrictive. Then,
the filtration equations take the following form

Diinr = karp—s(1| Dzg 4+ kagre—s(1 | 2)(1 — zy)

(5.1)
= [1—a(At+t—s)|z, +a(At 4+t —s)(1 — ),

TAt+t—s(Z | 1, Ut)pt+At
TAt+t—s(Z | 1, Ut)pt+At + TAt+t—s(Z | 2, Ut)(l - pt+At)

Tae(2) = , z€ Z. (5.2)
If t = t, is a jump-time of the process { N/}, = 1,2, then we observe jumps of the
process in every interval (s,t+ At), s < t, At > 0. Setting z =14, 7= 1,2, in (5.2),
from (5.1), the definitions of rasys— (i | 1,U;) and razye—s(i | 2, Uy), and passing to
a limit first as s T t and after that as At | 0 we get (3.1). If ¢ is not a jump-time
of the process { N} + N?} then taking At small enough and s sufficiently close to
t, then no jumps of the process will be observed in (s,t + At). Therefore, in the
case z = 0, equation (5.2) becomes

[1— (A —cu)(At+t — s)|pria
1— (A —eu)(At +1 = 5)prac+ [L— (p+ cu) (At +1 = 5)[(1 = prear)

LAt = [

Substituting p;ya; from (5.1) in the last formula, multiplying by the denominator
of the expression in the right-hand side and passing to a limit as s T ¢ we get

Ti4At — .Tt_ = At[)\(ﬁt_;'_At — Z't_) — 6(2Ut — 1)xt+Atl’t_
— (1 = U)xiar + eUiry + a(l — 2z7)] + o(At).
The limit as At | 0 of the expression in the brackets exists and equals
Mz —zp) — Uy — Dy —e(1 — Uz + €Uy + a(l — 2x;). (5.3)

Thus limag o %7’5;@ exists. Hence, we obtain that x; = x; . From this fact and
(5.3) we deduce that the right derivative of x; at point ¢ exists and equals the
expression in the right-hand side of formula (3.2). Repeating the same consider-
ations for the interval (s,t) we see that the left derivative of z; exists and that
the two derivatives coincide. Finally, if At | 0 then the probability that N}
(N?) jumps in the interval (¢,t + At) is equal to Up[uz, + A(1 — ax;)]At + o(At)
(1 = U)[Axy + p(1 — x,)]At + o(At)). Therefore, Uylux; + A(1 — axy)] + (1 —
UMz + p(1 — z;)] is the jump rate of both {z;} and {N} + N?}. ®
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6. Proof of Theorem 3.3. (Appendix 2)

We precede the proof of this theorem with four lemmas.

Lemma 6.1. The following inequalities hold

e+ p

Y, (6.1)

(k4 zou) (k + zyu) ¢ > k+ (1 +

(k4 zou)"H (k + 21u)™ > k — (14 B/a)u, (6.2)

A
(b + 22u) Bk + 210)C > k + (1 + %)u, (6.3)

(k + 2ou) P (k 4+ 210)T >k — (1 + M)u, (6.4)
a

where 0 < u < x1k, k >0, and x1,x9,b,¢, B,C, being defined by (3.22)-(3.26).
Proof. Consider the functions

Gl(u) = (k’—f-ﬁgu)iB(k—Fﬁl)iC —k— (1+ o )U,
Ga(u) = (k + zou) B (k + ) — kb + (1 + & Z ﬁ)u.
Calculations show that
A
By + Cy = —1 — :ﬁ (6.5)
bas + cuy = —1 — 626. (6.6)
From the identities 129 = —1, 1 + 29 = €/a, as well as (6.5) we get
) A A
G (u) = (k + 2ou) 57k + 21u) k(1 + %ﬁ) —ul—1-— :ﬂ,
G (u) = ME*(k + zou)"B72(k + 2u) 92,
p+ B p+p5

Go(u) = = (k +22u) ? (k4 210) “[h(1 + =) +u] + 14 ==,

Gy (u) = ME*(k + zou) B (k + 21u) L.
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Since B + C = —1 it is easy to see that G1(0) = G}(0) = G2(0) = G4(0) =
0, whereas both G7(u) and G5(u) are positive. This implies that G;(u) > 0,
Ga(u) > 0, which proves both (6.3) and (6.4). Repeating the same argument for
the functions

e+ 0
a

g1(u) = (k + xgu)*b(kz +zu) “—k—(1-— u,

g2(u) = (k + zu)" (b + z1u) + (1 + B/a)u — k,
we get (6.1) and (6.2). W

Lemma 6.2. Both functions d(y) and D(y) are increasing and convex pro-
wided y < Inz;.

Proof. Since the proof is similar for the two functions we shall prove the claim
of the lemma only for the function d(y). Calculating the first derivative of d(y)
we obtain

ame’d (y) = (1 + z9e?) " (1 + z1e¥) (1 + B/a)e? — 1] + 1.

Making the substitution v = e¥ and applying (6.2) we get d’'(y) > 0, which proves
the first claim of the lemma. Since d(y) satisfies condition (3.29) we deduce that
d(y) > 0. Moreover, d(y) is a solution of equation (3.27). Hence, its second
derivative is equal to

1—(ae " Y—a—pF)d !
d'(y) = ( <€_2asmhﬁ; <y>)

ae”Yd(y)+(ae+a+pB)d (y)
e—2asinhy > 0.

(6.7)

Therefore, the function d(Y') is convex. W
The next lemma plays a central role in the proof of Theorem 3.1.

Lemma 6.3. The functions d(y) and D(y) satisfy the inequalities
(ae™ — p—a— B)d(y) + pd(y — ) > (ae™¥ — p—a — B)D(y), (6.8)
(ac — = a— B)D(y) + uDly —7) < (ae ™ — a — B)d(y), (6.9)

for all y < Inz;.
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Proof. The inequality (6.8) can be rewritten in the form

(ae™ —p—a—B)[D(y) —d(y)] < pd(y — ). (6.10)

Making elementary calculations we get that the left-hand side of the last inequality
is equal to

a

X [M7Y1 + 29e¥) " B(1 + 21¢¥) 7 —m™1(1 + 22e¥)7°(1 + 21€¥)7]  (6.11)
+ e (14 z0e?) (1 +xpe¥)(m™ =M1 — L(e7¥ + 1+ #)

Similarly, we can transform the right-hand side of (6.8) into

A +
0+ 226 O 1Y) — ey - g E10
am am am a

). (6.12)
From (6.11), (6.12), the identities b + ¢ = B + C' = —1, and the easily verified
equality

p+ B
a

e V(14 x2e”)(1 + z1€¥) = (1 + z1€¥)[e™ + (21 —22)B — 1 —

J

we see that (6.10) is equivalent to

(¥ —1— 81 4 z1ev)
(M1 (3B — = (e ot — M+ = (6.13)

1+zoeY 1+zoeY

X
+ (1 —22)B(1+xe?)(m ™t — M) < EHE(% + xgey)’b(% + z1e¥) "¢

It is convenient to introduce new variables ue[0,Ilnz;) and ve|0, co0) defined by

1+ zeY ) 1+ zu

u=e’,v=1In = .
1+ zoe¥ 1+ zou
Then
1+xe? w3 C + Be"
——=e"e ¥ —-1-— = —(z] — xy) —————,
14+ xqe¥ a e’ —1
e'U

L+ mel = () — 2)——
1 — 42
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We rewrite the left-hand side of (6.13) in terms of v as

e eBv Cetv v Be® 1 1 €

- Dm—me) B cbt e et B0 W Tam

If we set u = e? in the right-hand side of (6.13) we get

A A
i(— + zou) (= + mpu)C
am * p. 7

From (6.1) with £k = A/, we bound the above expression from below by

e+ €
Ehn+a+ Yul + —.
am a am

To verify (6.8) it is sufficient to prove the inequality

L[] 4 (1 4 =)y

am

ev eBv C et e Cv B ecv 1 1
> (5”71)(w17w26”)( B ¢ b + C b ¢ + BC bc)
= WonUiogw) o0 Ce e Be™ 4 1 1)
- (z1—22)%u B c b C b ¢ BC be/?

or equivalently

| ull+(te/atB/a)]
am (1+z1u)(1+zow)

eB'v

C bv —Cuv Be—cv 1 1 (614)
__6_+6 ?e +___).

2
> (21— 22) (% ¢ b T b e BC  be

The derivatives of the left-hand side and right-hand side with respect to u are
equal to

g ult+e/a+pB/a)  [1+(1+e/a+tp/a)u)(u’+1)

}

am (1 + zu)(1 + zou) (14 zqu)?(1 + zou)?
and
e’ —1 Bbv Buy ./ _Bb'u Bv u
o —mp sl ¢ = e ) S A

respectively. Since, if u = 0, both sides of (6.14) are equal to zero, then it is enough
to verify that the derivative of the left-hand side is greater than the derivative of
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the right-hand side. Multiplying both derivatives by ™' (1 + zju)(1 + zou)? we
obtain the inequality

ot

e — P < A1 4 Y (14 zou) + [+ (1 + L)y 1{131}

_ o, W2(lte/atB/a)ut(it(e/a)(1te/atB/a)|u?
am u(1+w1u)

The left-hand side of the last inequality is a decreasing function of both v and u.
The derivative of the right-hand side equals

_# (@1 —2)(A+e/a+ B/a) - u? + 2xqu + 1
am u?(1 4 zqu) '

Calculating the discriminant of the numerator of the last expression we obtain
1 — x; + x5 + 23 < 0. Therefore, the right-hand side of the last inequality is
also a decreasing function of u, which reaches a minimum value of B/b — 1 at
the point u = x;. However, the value B/b — 1 also equals the maximum value
of the right-hand side reached for v = 0, that is zyu = z9u. This completes the
proof of inequality (6.8). The proof of inequality (6.9) is similar and we omit it. W

Corollary 6.4. The function D(y) —d(y), y < 0, is increasing.
Proof. It follows from inequality (6.8) and Lemma 6.2 that

(ae™ —a—pP)d(y) > (ae™¥ —p—a—B)d(y) +pd(y =) > (ae™ —p—a—F)D(y).

Since d(y) and D(y) are solutions of (3.27) and (3.28), respectively, the last in-
equality implies that D’'(y) > d'(y). In particular, in view of condition (3.29) we
have D(y) > d(y) forall y <Inz;. M

Lemma 6.5. If p/a is small enough, then there exists a constant K such
that d(y) < &(y) < D(y) for all y < K.

Proof. Lemma 6.2 implies that d(y) —d(y —~) > 0 for all y < Inz;. Because
d(y) satisfies (3.27) we obtain the following inequality

1 — (ae™ —a — B)d(y) + pld(y) — d(y — )]

d'(y) <
() € — 2asinhy

. (6.15)

Similarly, because the function D(y) is positive and satisfies (3.28) we get

1 —(ae™¥ —a—B)D(y) + pu[D(y) — D(y — v)]

D/
(v) > € — 2asinhy

. (6.16)
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On the other hand, the derivative £'(y) satisfies the equation
_ 1 —(ae —a—PB)Ey) + plEly) — &y — )]

€ — 2asinhy

£ (y) . (6.17)

We set (;(y) = £(y) — D(y), (4(y) = d(y) — &(y). It follows from (6.15), (6.16)
and (6.17) that

PG () = Gy =+ (a+ 8= ae™)¢(y)

¢i(y) < = 9asinhy , (6.18)
' 1lCa(y) — Gy — V)] + (a+ B —ae™)(y(y)
Caly) < ~ Dasinhy . (6.19)

Moreover, since both d(y) and D(y) as well as {(y) tend to zero as y — —oo it
follows that

lim (y(y) = yE{ﬂoo C2(y) = 0. (6.20)

y——00
Integrating (6.18) from —oo to y and applying Gronwall’s lemma we get

Y= ¢q(t)dt (Y ael-p—a-p
Cl(y) < TH —00 672a;inh(t+7) f—oo €—2asinht

t—y ¢q(s)ds Y ae” S—p—a—p0
X ffoo 6—2alsinh(s+'y) eXp(_ t e—2asinhs ds )dt

= —U i;(;’y % — €7y(1 -+ .Tgey)iB(l -+ xley)*c

x [Y [ 75_222%3;7) det(1 + z9e)B(1 + 1€t

Integrating the second integral by parts we obtain

Gly) < —(p+1) E;ﬁyg_g%% — (14 @2e¥) P (1 + 21¢¥) ¢

o« Lﬁ,_fy Cl—(t))et(,u//\+x26t)B(/i/)‘+x1€t)Cdt‘

oo e—2asinh{t+y

(6.21)

It is easy to verify that e'(u/\ + z2€) B (u/ X + 21€) < e¥(1 + z9e¥)B(1 + 216¥)°
provided y < —In(14p/a+/a) and t < y—~. Hence, in this case the inequality
(6.21) turns into

Ci(y) < —p /_ y: - 2aiilr(1;)(t " 7)cht. (6.22)
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Similarly, we deduce that

Gly) < —w /17 £ — 2&2?153@ + V)dt' (6:23)

We need to prove that there exists a constant K such that ¢;(y) < 0and (,(y) <0
for all y < K. Assume the contrary. Then, without loss of generality, we may
suppose that for every K there exists y < K such that ¢ 1(y) > 0. We choose y;
so that:

p+p

y < —In(1+ =), (6.24)
a

1
/ (e — 2asinht)™'dt < (2u)~", (6.25)

—Oo0

C,(y1) =6 > 0. (6.26)

Both functions d(y) and D(y) coincide provided p/a = 0. Moreover, the function
D(y) is continuous with respect to p/a. Combining these facts with Corollary 6.4
we obtain that

sup[D(y) — d(y)] < 6 (6.27)

y<0
for all p/a small enough. It follows from (6.22) and (6.24)-(6.26) that there exists
y2 < g1 — v such that (;(y2) < —28. Thus &(y2) — D(y2) < —26 whereas (6.27)
implies that D(ys) —d(y2) < 6. Hence, we conclude that d(y2) —&(y2) > 6, that is
that (4(y2) > 6. Obviously, conditions (6.24) and (6.25) are satisfied for y, as well.
Therefore, we use a similar argument for y, and (,(y) using the inequality (6.23)
rather than (6.22). So, we get that there exists a y3 < yo — 7 < y; — 27 such that
Co(ys) = d(ys) —E(y3) < —26 whereas in view of (6.27) we have D(y3) < d(ys) +9.
It follows from the last two inequalities that ¢, (ys) = &(ys)—D(y3) > 6. Repeating
the procedure we construct a sequence {ya,1},n > 1, such that lim, .oyoni1 =
—oo and (;(yan11) > 6 for all n > 1. However, this contradicts (6.20).

Proof of Theorem 3.3. It follows from Lemma 6.2 and condition (3.29) that
d(y) > 0 and d'(y) > 0. Let K be a constant for which the claim of Lemma 6.5
holds and o be an arbitrary number such that o < K. Without loss of generality
we assume that 0 < —In(1+p/a+/a). Then, ae™¥ —a—p— 3 > 0 and Lemmas
6.3 and 6.5 imply that

(ae™ —a—p=PF)Dly) < (a7 —a—p=P)dy)+pdly =7) ; 5q
< (e —a—p=P)y) +ully —7),
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(ae™r —a—fF)dly) > (ac™—a—p=P)Dy)+pDly=7) (99

>

> (ae™ —a—p—P)(y) + ply — ).

Since the functions d(y), D(y) and £(y) satisfy equations (3.27), (3.28) and (6.17),
respectively, it follows from (6.28) and (6.29) that inequality (3.31) holds provided
y < o. Hence, the inequality (3.30) is fulfilled for some interval (o, + o).
Making use of (6.28) and (6.29) we get the inequality (3.31) in this interval as
well. Repeating these considerations we can prove the claim of the theorem in
the interval [o, —In(1+ p/a+ B/a)]. If y > —In(1 + p/a + B/c), then ae™¥ —
p—a— [ <0 and both (6.28) and (6.29) cannot be used to prove the inequalities
(3.30) and (3.31). However, since the last inequalities hold at the point y =
—In(1+p/a+ B/a) it follows from the continuity of the functions d(y), D(y) and
&(y) that they will be fulfilled also up to the point y = —In(1 + 3/a) provided
p/a is small enough. On the other hand, if y > —In(1 4+ 3/a) then we use the
following inequalities in place of (6.28) and (6.29):

(ae™ —p—a— B)D(y) (ae™ —p—a—B)¢y) + 1€y — )
(ae™¥ —a — B)d(y) (ae™ —a — B)E(y) + plé(y) — &y — )]

These inequalities follow from (3.30) and (3.31) and they allow us to apply the
same method in the interval (—In(1+/3/a),0) as for the interval [0, — In(1+p/a+
B/a)]. Finally, since o is chosen arbitrarily, it follows that the inequality (3.30) is
satisfied on the whole negative half-time. B

<
>

7. Solution of Equation (3.18) (Appendix 3)

We consider the following system of functional-differential equations. If ¢t > 0,
then

fi(#) = (e = 2asinh ) "{A[fi(t) = f(t = 9)] + (a + B — ae') fi(t) + 1}, (7.1)
if £ <0, then

f5(t) = (e = 2asinht) " H{pu[fa(t) = fo(t = )]+ (a +  — ae™") fo(t) + 1}, (72)
and

fit) = €' fo(t), t € [=,0], (7.3)
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where p, A, £, 3,7, a are positive constants such that
A>p, e=A—p, y=InA—Inu. (74)

Equation (7.2) is in fact equation (3.18) whose solution is (3.19) as we shall show
later in the appendix (see Theorem 7.7). The system (7.1)-(7.3) appears in the
form of a Bellman equation for the value function of the problem of optimal
detection of the jump times of a Poisson process (see Donchev 1995b). It follows by
dynamic programming reasoning that the system (7.1)-(7.3) has a unique solution
that coincides with the value function of the optimal detection problem. From
the theory of functional-differential equations, existence and uniqueness results
for (7.1)-(7.3) are difficult to obtain. In particular, if we try to solve (7.1)-(7.3)
there are at least two difficulties to overcome. The first is the singularity that
(7.1) has at the point ¢t = In(e/2a+ /1 + (¢/2a)?) and the second is the delaying
argument of (7.2) on the negative half-line.

We first examine (7.2). To do so, we consider the corresponding homogeneous
equation

7 (t) = (e — 2asinh t) " {uln(t) — n(t = )] + (a+ B —ae™)n(t)}, ¢ < 0. (7.5)

We shall show that equation (7.5) has a non-trivial solution on the negative half-
line. The next theorem contains preliminary information about the asymptotic
behavior of the solution.

Theorem 7.1 (i) Every solution of (7.5) satisfies
n(t)=C(1+B/a+e ") +o(1), (7.6)

as t — —oo, where C is a constant. (ii) If equation (7.2) has a solution then the
solution has the same asymptotic behavior as (7.6).
Proof. We consider the equation

[—ex(l —x) + a(l — 2z)]v'(x) + [z + p(1 — z)]

x[v(#éﬂ)) —v(x)] = (1 —2z) = po(z), z € [1/2,1].

(7.7)

As shown by Donchev (1995c¢), if we introduce a logarithmic scale ¢t = In(1 —x) —
Inz, the function U(t) = v((1 + €')™!), and define

fo(t) = (1 +e HU(t), (7.8)
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then (7.7) equals (7.2) with v = In X — In . Moreover, in this case the homo-
geneous equation corresponding to (7.3) is the same as (7.5). Thus, if (7.2) (re-
spectively (7.1)) has a solution then (7.7) (respectively the homogeneous equation
corresponding to (7.7)) has a solution as well.

Let f2(t) be a solution of (7.2) and consider the corresponding function v(z).
Applying the Lagrange formula to the difference v(—24—) — v(x) on the left-

Az+pu(l—x)
hand side of (7.7) we obtain

Az o ex(l — ) . . Az
/\x+u(1—x))_v(x)_v(g)Ax—l—u(l—x)’ forg €l "Mz 4 p(l—x)

v( -

Substituting this expression in (7.7) we get

—(1—2)+ex(l—2)['(§) —v'(x)] + a(l —22)v'(z) = Pv(x). (7.9)

Solving (7.7) with respect to v'(x) and taking into consideration the fact that
a > 0 and v(zx) is a continuously differentiable function, we deduce that v(x) has
a smooth second derivative in a neighborhood of the point x = 1. Therefore,
we apply the Lagrange formula once again to the difference v'(§) — v/(z), which
appears in the second term of (7.9). So, we obtain

a(l —2z)v'(z) = po(x) + 1 — 2+ O((1 — x)?), as = — 1. (7.10)

We now use the logarithmic scale t = In(1 — z) —Inz and U(t). Then (7.10)
takes the following form

2aU'(t)sinht = —BU () — (1+e ) '+ O((1 +e*)?),as t — —oo. (7.11)

The solution of the last equation is

s

Ut) = exp(—gﬁ ftoo Smhu)[Cﬁ f Pl [ Gairs) mns) gy,

oo 2a(l+e %)sinhu

+ fjoo eXp(Qa ffOO SlzflS)O((l + eiu) 2)31gﬁu]
R ; 5 (7.12)
(5_t+1) 26[Cr+a™t [T (e — 1)z (e + 1) ~2e~%du

+

t e~ U—_1\L e *O (1+e_” 2
f oo(e “—l—})% (e~ "(1)(6 "ll))du]

t——o0

The first integral in (7.12) equals ﬁ_1(2 + ﬂ/a)_l{l - (z:;)é%[l + (6/a)(1+
<land - < which hold for

e~")7!]}. In view of the inequalities &

—u+1 eu1 —u+1
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u < 0 the second integral can be written as [*_ (1 + e )~20((1 + e™*)~2)d(1 +
e ) = O((1 + e “)3). Substituting these expressions in (7.12) we obtain the
following asymptotic formula for U (t):

Ut)=CC{)+ ) +0((1+e)7?),t — —oo, (7.13),

e—t_ _B a e~ )1 — _
where (; (1) = (573) %, (o) = —HCAEED — and C = Gy + 8712+ B/a) .

Applying Newton’s formula to (;(¢) we get

et —1__ 5 2 s
G = (G = )

= 1+ B/a)1+e ) T +o(1+e "))t — —o0. (7.14)

It follows from (7.13) and (7.14) that
Ut)=Ci[1+ (B/a)1+e ") +o((1+e "))t — —oc0. (7.15)

Note that (;(t) is a solution of the homogeneous equation corresponding to (7.11).
This homogeneous equation arises from (7.5) and the homogeneous equation cor-
responding to (7.7). Now both claims of the theorem follow from (7.8), (7.14),
(7.15) and the remark after formula (7.8). W

As follows from (7.15), (4(t) plays an important role in (7.13). Namely, it
ensures that Cy = lim;, o, U(¢) holds in (7.15). It is remarkable that fi(t) =
(1 4+ e ")(,(t) is a global solution (that is, a solution on the entire real line) of
(7.2).

Theorem 7.2: The functions

1+ pB/até
"0 = e gy 19
_ 1+pB/ate

are global solutions of equations (7.1) and (7.2), respectively.

Proof. To prove the theorem it is enough to substitute fi(t) and fo(t) from
(7.16) and (7.17) into (7.1) and (7.2).0

Note that the functions from (7.16) and (7.17) (which are the equations dis-
played in Theorem 7.2) do not satisfy the system (7.1)-(7.3) because (7.3) is not
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fulfilled. On the other hand, we could multiply the right-hand side of (7.17) by ¢’

1+(1+8/a)et
B(2+B/a)

given on [—,0]. However, in this case we will not be able to escape the singular-

ity that (7.1) has at the point ¢t = In(¢/2a + /1 + (¢/2a)?). To overcome these
difficulties we need full characterization of the set of all solutions of equation (7.2)
on the negative half-line.

Denote by V' (¢, s) and U(t, s) the fundamental functions of equations (7.1) and
(7.2), respectively. So, for any fixed s,V (¢,s) (respectively U(t,s)) is a solution
of the homogeneous equation corresponding to (7.1) (respectively (7.2)) with an
initial condition given on[s — +, s] by the formula ¢(t) = 0 if s — v < ¢t < s and
o(t) =11if t =s. Then V(s,s) =U(s,s) =1 and V(t,s) =U(t,s) =0 for t < s.
If 0 <t —s <~ then in order to calculate V (t,s) (respectively U(t, s)) one has
to solve the following ordinary differential equation: f'(t) = (¢ — 2asinht) " 1(\ +
a+ 3 — ae)f(t) (respectively f/(t) = (¢ — 2asinht) (u+ a+ 8 — ae ) f(1)),
s <t < s+, with an initial condition f(s) = 1. Solving these equations we
obtain the following expressions for the functions V (¢, s) and U(t, s):

and try to solve equation (7.1) on (—oo,0] with an initial condition —

1+ x90e® 1+ x1€°
1+ ax9et” * 1+ a6t

V(t,s) = ( )¢, (7.18)

14 xz9e® ,, 1+ x9€°
14+ zoet” * 14+ 21t

where 715 = £/2a++/1 + (£/2a)? are the roots of the equation 22— (e/a)z—1 = 0,

Ult,s) = e ), (7.19)

b

_ 1—|—(,u+ﬁ)/a—|—x2’c:_1—|—(,u+ﬂ)/a+x1' (7.20)

T1 — T2 Ty — T2

It is easy to verify that b > 0 and the identity b + ¢ = —1 holds. It follows from
(7.18) and (7.19) that

Ut,s)=e""'V(t,s),s <t <s+n.(7.21)

Since U(t,s) = V(t,s) = 0if t < s, (7.21) is obviously fulfilled for all ¢ < s.
If t > s+ v then the formulas for V(¢,s) and U(t,s) are more complicated.
Nevertheless, it turns out that (7.21) holds in this case as well. Consider the
equations:

f'(t) = (¢ = 2asinh t) " {A[f(t) = f(t = )] + (a + B — ac") f(t)}, (7.22)
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f'(t) = (e = 2asinh t) " {u[f(t) = f(t =)+ (a+ B —ac™") f(t)} (7.23)

and denote by f1(c,¢)(t) (respectively fao(o,¢)(t)), 0 € R, ¢ € C([oc —~,0]), the
solution of (7.22) (respectively (7.23)) on [0, c0) with an initial condition ¢.
Theorem 7.3: (i) For every real o and ¢ € C([o —v,0]):

fi(o, e(')“")(t) =e' folo,0)(t),t > 0. (7.24)

(11) The identity (7.21) is fulfilled for all real t and s.
Proof. From Hale (1977, Theorem 6.3.2) we obtain the following representation
for the functions fi(a,e"%)(¢) and fa(o,¢)(t) for t > o :

Rl e)lt) = Ult,o)e(o)
—u/ o(s)U(t, s +7)[e — 2asinh(s + )] 'ds, (7.25)

-

filo,e9)(t) = Vit 0)e%o(o)
—A/ ©(s)e*V(t, s+ v)[e — 2asinh(s + )] ds. (7.26)

First, we shall prove claim (i) in the case of 0 < ¢t < o + 7. Since t < s + 2
for all s € [0 — 7, 0] one can apply (7.21) to both V(¢,0) and V (¢, s + ) in the
right-hand side of (7.26). Making simple calculations we get (7.24). Now, we
are in a position to prove (ii). Let us fix s and divide the interval [s, c0) into
segments of length v : [s,00) = (J, <[5 + 77,5 + (n + 1)y). We shall prove by
induction that (7.21) holds in every segment [s + nvy,s + (n + 1)y),n = 0,1, ...
For n = 0 the claim has already been proved. Assuming that (ii) holds true for
t € [s+ kvy,s+ (k+ 1)y) and some integer k£ > 0 we shall prove that (7.21) is
satisfied in the next segment as well. Indeed, to find the functions V(¢,s) and
U(t,s) on [s+ (k+1)y,s+ (k+2)v) one must solve equations (7.22) and (7.23),
respectively, taking as initial conditions the already calculated values of these
functions on [s + kv, s+ (k+ 1)7y). According to the induction hypothesis, (7.21)
holds on [s+ kv, s+ (k+1)v). Applying (i) with 0 = s+ (k+1)v, ¢(-) = e *U(-, s)
and t € [s+ (k+1)v,s+ (k + 2)7) we get the claim for n = k + 1. Thus, (ii) is
proved.

In order to prove (7.24) for ¢ <t < 0 + 7 we have used only formula (7.21)
with ¢ — s < ~. Since, according to (ii) the last formula holds for all ¢ and s it
follows that (7.24) is fulfilled for all ¢ > 0. B
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Consider the following domain in the plane (s,t) : D = {(s,t) : s <t < 0}.

Theorem 7.4: The function U(t,s) is continuous and bounded in D.
Proof. The coefficients of equation (7.23) are bounded continuous functions
provided ¢t < 0. For any fixed s < 0, the function U(t,s) is given by formula
(719) if s < t < s+ v and U(t,s) satisfies (7.23) with an initial condition
fourn(-) = Usyy(-,8) if t > s+ . Here, as it is generally assumed in the the-
ory of functional-differential equations, for any f € C([s,t]},¢ > s + v and
T € [s+7,t], f-(-) denotes a function belonging to C'([—,0]) which is defined by
f-(0) = f(t+6),0 € [—v,0]. In view of (7.19), since s+ +6 € [s,s+ | provided
6 € [—,0] it follows that

1+z9e® ,, 1+x9€°

— o0
Usiy(0,5) = e (1 T apestit0) \1 4 ges 0

)¢, 0 € [—v,0]. (7.27)

The last function is continuous in both 6 and s if § € [—~,0] and s < —~.
Being a solution of (7.23) with the continuous initial condition (7.27), U(t,s) is
continuous with respect to ¢ if ¢ > s+. The continuity of U(t, s) for ¢ € [s, s+7]
follows from (7.19). It remains to prove that U(¢, s) is continuous with respect to
s for every fixed t < 0. The case s > t — v holds by inspection. The proof is not
trivial if s <t — . Let s <t — v and {s,,} be a sequence converging to s. Then,
because of the continuity of (7.27) with respect to both 6 and s, the corresponding
sequence of initial conditions {Us, +,(+, ,)} will converge uniformly to Usi(:, 5).
Thus, the continuity of U(t,s) in s follows from the theorem for the continuous
dependence of the solutions of functional differential equations on the initial data
(Hale (1977), Theorem 2.2.2).

In order to prove the second claim of the theorem let us rewrite (7.23) in the
form

f'(t) = =A@ f(t) = B(t)f(t =) (7.28)
where A(t) = (¢ —2asinht) ' (ae™" —a—p—f), B(t) = p(e —2asinh t)~* and set
a=—1In(1+(6+2u)/a). It is easy to see that the coefficient A(t) is a decreasing
function of. ¢, for t < 0, whereas B(t) is an increasing function of ¢, and for ¢t < «
the inequality B(t) < A(t) holds.
Consider the following domains in the plane (s,t):

D, = {(s,t)e D:s<t<a},
Dy, = {(s,t)eD:t>s>a},
Dy = {(s,t)eD:t>a,s <a}l.
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Obviously, D = D; U Dy U D3 and it is enough to prove the claim in each of
domains Dy, Do, and Ds. Since Dy is a compact set and U(¢, s) is a continuous
function the proof is trivial in Ds.

For D; consider the following subdomains of Dy : D = {(s,t) € D; : t <
a—1/n}, n = 1,2, ... Since the closure of the set U,>1 D} coincides with D; it
follows from the continuity of U(¢, s) that it is sufficient to prove its boundedness
in each of domains D?,n = 1,2,... If t < o — 1/n then A(t) > A(a — 1/n),
and sup;<,_1/, | B(t) |< B(a—1/n) < A(a —1/n) and therefore, according to
Hale (1977, Equation (5.9.2)), the trivial solution of (7.28) is uniformly stable for
t < a—1/n. This means that for any ¢ < o — + and d > 0 there exists § = §(d)
such that the inequality ||¢|| < ¢ implies ||(f2):(c,¢)|| < dforallo <t < a—1/n.
Here || - || denotes a sup-norm and fa(o, ¢) is the same as in Theorem 7.3.

Let us now represent equation (7.28) in operator form. That is

f'(#) = L(t, fi()),

where L(t, ¢),t < 0,9 € C([—7,0]) is the following operator:

L(t, ) = —A(t)p(0) — B(t)p(—7).

Because if t < o — 1/n, then both A(t) and B(t) are between 0 and 1, we have
that
| L(t, ) |[< mllel|, with m = 2. (7.29)

We apply Lemma 6.6.2. in Hale (1977) to (7.28) and use (7.29) to obtain the
claim in D7.
For any fixed s < «, the function U(t, s) satisfies

() = / L(u, fu(-))du + U, s), (7.30)

on [«, 0] with the initial condition f,(-) = U,(.,s). Note that if ¢ < 0 then (7.29)
also holds with m = (2u + )/e. Since (s,«) € D; it follows from (7.29) and
(7.30) that

| U(t,s) | f]LuU( s)du+ | U(a, s) |

<
< mfa||U s) || du+ K,
where K = sup(, yep, | U(t,s) |. Therefore

|U(., y<m/ | Uu(.,8) || du+ K. (7.31)
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Applying Gronwall’s lemma to (7.31) we get
1 U(.r5) [|1< Ky

where K; = Ke™® t € [a,0]. Hence, supa<i<o | U(t, s) |< Kj. Since the constant
K does not depend on s it follows that U(¢, s) is bounded in D5 as well. B

Remark. All results cited in the proof relate to the case when the functional-
differential equation is given on the whole real line, whereas we consider it in the
interval (—oo,a — 1/n]. However, setting in (7.27) A(t) = Al — 1/n), B (t) =
B(a—1/n), for t > a — 1/n we get an equation that is defined on the whole real
line coinciding with (7.27) in (—oo, @ — 1/n]. Since all cited results hold true for
the last equation it follows that they hold for (7.27) in the interval (—oo, a —1/n]
as well.

We now return to the problem of the explicit form of the solution of the system
of functional-differential equations (7.1)-(7.3).

We begin this section with the following lemma.

Lemma 7.5: Let us set X(o,t) = fo(o,1+8/a+e V) (t), 0 < —v, where as
in Theorem 7.3, fa(o, 1+ B/a + e~ ) (t) denotes the solution of equation (7.23)
with an initial condition p(t) =1+ B/a+ e~ given on [0 —v,0]. Then

(i) X(o,t) >1+b/a+e " forte€[o,0+7], (7.32)
(i1) {n&ni ][X(a,t) —1-8/a—e "] =0(e), as ¢ — —o0. (7.33)
te|o,0+y

Proof. If t € [0,0 + 7] then X(o,t) is calculated from (7.25), where U(t, s) is
given by (7.19). We first set ¢(s) = 1 in (7.25) and evaluate the integral to obtain
p A+ p

14+ xq€e
) et 1
1+ xq€t am a
A+

P e + 1+ 20 (734)

1+ acge")b(
1+ et

1 g
1+ $2€t

Ki(t) = e

We next set ¢(s) = e~® in (7.25) and evaluate the integral to obtain

14+ x9e”
1+ zoet )'(
14 z9e®
1+ zqe!

1+ e’
1+ zet
b L+ x1e”
)'( 1+ zq€!

p+p5

Ky(t) = e )C+ﬁ{1+(1+7)et

_ea—t(

YL+ (1 + %)6_0]}. (7.35)
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In (7.34) and (7.35)

u+ﬁx1+k+ﬁ

2
m (21 — x2)%be = (1 + - ,

) — 1. (7.36)
Note that X (0,t) —1—(/a— et equals (1+ 5/a)K1(t) + Ka(t) — 1= B/a—e?,
so that the derivative of X (o,t) — 1 — 3/a — e * with respect to ¢ is

= w7 ) + AL+ B/a) —ml {1+

X (LY (B e (14 (A + §)/a) + 1]}

14x0et 1+z1et

It is easy to verify that 2 (1+£12) 4+ £(143/a) is less than m. So, the first factor
in this expression is negative. Simple calculations show that the second factor is
an increasing function of ¢. Thus, the second factor reaches the minimum value
me? (1 4+ z1¢7) 71 (1 + z9¢”)™" > 0 at the point ¢ = 0. Therefore, the function
X(o,t)—1—3/a—e " increases on [o,0 +v] and X (0,0) —1—3/a—e™7 =0, so
(7.32) holds. Further, X (o,t)—1—3/a—e " reaches its maximum at t = o+~. We
set t = o+ in (7.34) and define a new function K (u) so that K;(e?) = K;(o+7).
Then

Ki(u) = 2 ER(u) + S(u), (7.37)

am vy
where - .
R(u) =u [l - ok Y ye (738
(u) = u (MM+>\x2u MM‘*‘V%U) ], (7.38)
2 1+$2’U, b 1+$1U
S = = c
() )‘(MN+>\$2U) ('u/t—l-)\xlu)
iz A+ 5 A+ﬁ
1——(1 2+ Z ‘
e | B e e ()
In a neighborhood of u = 0,
14+xou ,, 1+ z1u c —l—ﬂ ,
‘=14+—-(14+——)ut+0 7.40
and hence i
R(u) = == (14 222) 4 O(u), a5 u— 0. (741
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Taking in (7.39) only the first term of the Taylor series of the function in the
left-hand side of (7.40) we get

A A
S =5n- L+ Zﬁ)H%(H Zﬁ

It follows from (7.37), (7.41) and (7.42) that
Ki(u) = pu/X+ O(u), as u — 0. (7.43)

)+ O(u), asu — 0. (7.42)

Similarly, if we set u = €’ and evaluate K(t) — e * at t = 0 + v we obtain

— B A w3 EA
Kolu) = S = Rlgn (e 1 =) = 14 20

where K (u) is defined by Ko(e®) = Ko(o + ). From (7.41) we get

g

Ko(w) = Put =21+ =)+ 0(u), as u— 0. (7.44)

A [
Because X (0,t) — 1 —f/a—e " = Ky(t) —e '+ (14 8/a)[K;(t) — 1] the second
claim of the lemma follows from (7.43) and (7.44). &
Theorem 7.6: Equation (7.5) has a non-trivial solution on the negative half-
line.
Proof. Consider the following functions defined on (—o0, 0] :

[ 14B/atet t<-—ny
N, (t) = { X (—ny,t) t € [—nv,0].

We shall prove that the sequence {7,,},>1, converges uniformly to some function
n(t) that satisfies (7.5) on the whole negative half-line.
Consider the series

)+ Z M1 (t) = 0, (8)]. (7.45)
From (7.25) we obtain
0 t< —(n+1)y
X(t)—1-pla—e" te[—(n+1)y,-ny)
Mot (£) =0, (t) = ¢ [X(= m) - 1 - ﬁ/a — MU (t, —ny)
/,Lf (n+1)7 —-1- /(1 - eis]

X[e — 2a smh(s —I— VUt s +7)ds t € [-ny,0]
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where, for the sake of brevity, we have omitted the first argument of X (—(n +
1)7,t). Therefore, it follows from Theorem 7.4, Lemma 7.5, and convergence of
the integral fi)oo (e — 2asinh s)7'ds that for all n sufficiently large

’ M1 (t) - nn(t) ’S Keirwa

where K is a constant. Thus, series (7.45) converges uniformly to 7(t). It remains
to prove that n(t) satisfies (7.5) on (—o0, 0].

Let t € [—~,0]. For every n > 1, the function 7,,(¢) satisfies (7.5) on [—7, 0],
so it follows that

I

N, = —A(t)n,(t) — B(t)n,(t —v), forn=1,2, ..., (7.46)

where A(t) and B(t) are the coefficients defined after (7.28). From (7.46) we
deduce that

M+ Lo () = 0, ()] = =A@ {0, (8) + X0 1,1 () — 1, ()]}
— Bt =) + 201 Mg (E =) — 0, (8 =)}
= —A(t)n(t) — B(t)n(t — ).

Therefore, differentiating series (7.45) we obtain that in this case 7)(t) satisfies
equation (7.5).
If t € [—(k + 1)y, —k~], for k > 1, then we represent 7)(t) in the form

oo

N(E) = s () D ea (8) = 10, (1)

n=k+1

and repeat the same argument for (7.46) withn=%k+ 1,k +2,.... ®

Now, we are able to characterize the set of all solutions of (7.2) on the negative
half-line.

Theorem 7.7: The function

1+ 83/a+e™!
ty=——1" 1" 4 Ch(t),
20 = 551870 g
where C' is a generic constant, is a fundamental solution of equation (7.2) on

(—OO, 0]
Proof. According to Theorems 7.2 and 7.6 f(¢) is a solution of equation (7.2) for
all C'. Tt remains to prove that every solution of this equation can be represented
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in the form (7.47) with some constant C. Let f(t) be such a solution. Then, from
Theorem 7.1, f(t) = Ci(1+S/a+e™") +0(1) as t — —oo with some constant C.
In addition, from the proof of Theorem 7.6 7(t) = 1+ 5/a+e *+o0(1) ast — —oo.
Therefore, if we set C' equal to Cy + 37 (2 + 8/a)~! in (7.47), then we obtain a
solution f,(t) that has the same asymptotic behavior as f(t) for ¢t — —oo. Thus,
for every 6 > 0 there exists a 0 < 0 such that

sup | f(£) = f2(t) |< 6. (7.48)

If t € [0,0] then, from Hale (1977, Theorem 6.3.2), f(t) has the following repre-
sentation

f@)=f(o)U(t,o) — ,uf:_7 f(s)U(t, s +v)[e — 2asinh(s + )] tds
+ f; U(t,s)(e — 2asinh s) " 1ds,

and that the representation for f,(t) is obtained by replacing f(t) with fa(t).
Hence,

£~ 20) = [f(0) = R(U(0)
= [ 16) = R s+ e — 2asinh(s +9)] s

From (7.48) and the boundedness of U(t, s) we get

max | f(t) — fa(t) |< K6, K = const. (7.49)

te[o,0]

where K is a constant. Because § > 0 is arbitrary in (7.48) and (7.49) it follows
that f(t) = fao(t). ®

From the last theorem we are in a position to prove our main result about the
solution of system (7.1)-(7.3).

Theorem 7.8. The system (7.1)-(7.3) has a unique solution.
Proof: According to Theorem 7.7 the general solution of (7.2) on (—o0, 0] is given
by (7.47). To satisfy (7.1) and (7.3) one must multiply (7.47) by e’ on [—~, 0] and
solve (7.1) with an initial condition e’ fy(t), for ¢ € [—v,0]. We shall show that
taking a suitable constant C' in (7.47) we can escape the singularity that (7.1)
has at ¢t = Inz;. Then, because the coefficients of (7.1) are unbounded only in a
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neighborhood of ¢ = Inx;, the existence and uniqueness of the solution of (7.1)
follow from Hale (1977, Theorem 6.1.1).

We set k = Inz; and take an arbitrary ¢ € (0, min(k,
solution of (7.1) has the following representation in [k — 6,

fit) = V(t,k—368)fi(k—0)
—A/k fi(s)[e — 2asinh(s + )]V (¢, s + 7v)ds (7.50)

—5—y

oy

)). From (7.18) the

t
+/ (e — 2asinh s) "'V (¢, s)ds
k-8

= (L+z2e") (14 21€") (1 + 22" )" (1 + 21" ) f1 (k — ©)

t

+/ [1— Afi(s —7)](e — 2asinh s) 7} (1 + z9e%)°(1 4 z1€) ds}.
k-6

Because 1+ z2¢® = 0 and b > 0, the function fi(¢) is bounded in a neighborhood

of t = k only if

0 = (1+22" (1 + 21" 0)°f1 (k — 6)

+ /ké[l — Mi(s —)](e — 2asinh s) 7 (1 + z2¢*)°(1 4 z1e°)°ds. (7.51)

From I'Hopital’s rule one can verify that (7.51) is sufficient for boundedness of
fi(+). From Theorem 7.7 if t € [k — 6 — 7,k — 6], then

@) = A0+ 120 + AV (1), (7.52)

for some constant C, where fl(l)(t) is a solution of (7.1) with initial condition
1(1)(0) =0, fl(Q) (t) is a solution of (7.22) with initial condition on [—, 0] equal

¢ 1ief(1+5) (3) /1, . v e -
O ——arEr and f;7(t) is a solution of (7.22) with initial condition on [—~, 0]

equal to e'n(t). Note that if ¢ < k — 8, then the coefficients of (7.1) and (7.22) are
bounded and, therefore, all functions in (7.52) are well defined.

Substituting f;(¢) from (7.52) into (7.51) we obtain a linear algebraic equation
for the constant C' that always has a solution C' = C if C' # 0. If C # 0, then
setting C' = C in (7.52) ensures that the condition (7.51) holds. Therefore we
obtain a bounded solution of (7.1) in [k — 6,k + 6] given by (7.50). Because the
coefficients of (7.1) are bounded continuous functions for ¢ > k+ 6, it follows that
the solution can be extended to the entire positive half-line.
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To complete the proof, it is sufficient to show that
0 # (14 226" 01 4 216" )P (k — 6)

t
M (s =) (e — 2asinh s) (1 + 29e*)(1 + 21¢°)ds. (7.53)
k—6

To show this, we assume the contrary. Then, repeating the above argument that
was used for f(t) and (7.1), we see that

D) = (1 +aeh) 1+ xletrcm + 226 ) (1 21 0)e FP (K — 6)
/ f(g) (e — 2asinh s) (1 4 x9€®)°(1 + x1€°)°ds],
k—&6

remains bounded in [k — &, k +§]. Therefore, £\ (-) can be extended on [k +§, o)
to satisfy (7.22). From Theorem 7.3 (i) and Theorem 7.6 we conclude that

={ 1010

D), t>0

is a non-trivial global solution of (7.5). Yet Donchev (1995c) shows that equation
(7.5) has no non-trivial global solutions. ®
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